Appendix A

Higher-Order Approximation

A.1 Five-Point Formulation

In this case, the field is expanded on either side of the interface in terms of the field

at the interface using Taylor’s series expansion, that is:
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Using the interface conditions 3.26-3.30 and expressing the fields ¢, and 1,5 in

terms of the 0~ side derivatives of ¢, we obtain [58]:
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Equations A.2, A.4, A.5 and A.6 can be put in matrix form, that is:

where a, b, ¢ and d are the coefficients of 1)y in the previous equations.
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the above matrix equation to find the unknowns:
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From which we have:
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(A.5)

Inverting

(A7)

This relation gives @b;' approximation at an interface in terms of the field samples
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Wita , Wir1 , ¥; , Y1 and ;5. In this relation, the discontinuity in w, , 1/)” , 1/)'”
and ¢"" at an index or mesh discontinuity are appropriately included. In regions of

uniform index and mesh, this reduces to the familiar 5-point approximation, that is:

Yy- A #(—%ﬂ +16¢11 — 30t + 16¢_1 — Y_») (A.8)

By using this five-point approximation, we get a penta-diagonal matrix of the

form [36]:

-1 16 -30 16 -1

(@] -1 16 =30 16

~1 16 -30 J

It is necessary to find the 5-point second-derivative formula at one sampling point
ahead and one sampling point before the interface. In this derivation, it is assumed
that the minimum number of samples in one layer is 3. With reference to figure 3.2,
1/)3 is to be expressed in terms of ¢ , ¥ , V41 , Y49 and Y ,3. Expanding the field

samples on either side of the interface in terms of y:
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Using the interface conditions 3.26-3.30, we express ¢y- derivatives in terms of

o+ derivatives in equation A.12:
2

h h / —h h3
Vo1 =1 (1 - ElClz + 2—iC122> + Yo+ <p71 + 12)

Do+ (A.13)

n h% h% h:f " h%
+1y+ (; — ECU — %¢0+ + 24

In matrix form:
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where a is the coefficient of 1)y in equation A.13. Inverting the above matrix equa-

tion, we have [58]:

- biy bio bz by i1 — o
Gor || ba b s ba || ey
'QZ};)”%— b31 b32 b33 b34 'QZ}-I—?)_’QZ}O
I 7/131 | I byr baz bz by 11 Yo —a- o |

Differentiating equation A.9 twice with respect to x:
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n

Putting the values of wng , Yo+ and wgl in the above equation and simplifying,

we have [58]:
Wiy = Pys(bas + hobsg + 0.5h2baz) + 1o (bay + hobsy + 0.5h2bas) +
Uy1(bar + hobz + 0.5h3ba1) — Yo (p1 + hapa + 0.5h3p3)

Y1 (bog + hobsg + 0.5h3byy) (A.15)

where

p1 = ba1 + bag + boz +a - bay

p2 = bg1 + b3z + b3z +a- by

P3 =ba1 +bag + byz + a - byy

This relation gives the five-point second-derivative approximation at one sample
point ahead of an index or mesh discontinuity. The relation at one sample point
before the interface can obtained by interchanging hy = —hy, Y19 = ¥y, Vi3 = ¥4

and n? = n3 [58].

A.2 Seven-Point Formulation

A similar procedure is adopted to find the 7-point second-derivative approximation

with appropriate interface conditions.
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Using the interface conditions 3.26-3.32, we express ¢+ side derivatives in terms

of Yy- derivatives:
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Expressions for ¢,5 and 1,3 are obtained by replacing hy by 2hy and 3hs in

equation A.22 respectively. We then assimilate the final results in the matrix form :
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where a, b and ¢ are the coefficients of corresponding vy terms in the previous equa-

tion. Inverting the above matrix equation, we have [36]:
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From which we have [36]:
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+bosth_1 + basp_o + bogP_3 (A.23)

This relation gives approximation of ¢; at an interface point. In the regions of

uniform index and uniform mesh, this relation reduces to the 7-point approximation



of the form:
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(2043 — 2Tthya + 270th 4 — 49000 + 270001 — 270p_5 + 20_3) (A.24)

By using this seven-point approximations, we get a hepta-diagonal matrix of the

form [36]:
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To find the second-derivative formula at one sampling point before the interface,

the procedure is similar to that followed in the previous section. With reference to

the figure 3.2, ng is to be expressed in terms of Y1 , Y 9, Y 3,9 4, Y1 and Po.

Expanding the field samples on either side of the interface in terms of 1y:

(o)

Y2

, RS
Yo — hthy + ..+ 6—}¢

, —9h,)8
bo- — 2hithy + .. + (=2/)

nn

o

6!

mnrrr

v

(A.25)

(A.26)



139

oy = tho- — 3ty + ...+ (_?gfl)ﬁ@z)gi” _ (A.27)
oy = tho- — Aty + ..+ (_46’;1)6@@3”” + .. (A.28)
Y1 = thor + hothyr + ... + ’é-?%l” + ... (A.29)
bpo = thor + 2hothys + ... + (22!2)6%1" ¥ .. (A.30)

Replacing all wéﬁ) derivatives with wéﬁ) derivatives in the above equations. After

simplifying, we obtain:

Goh3 | Chhs by

, Giehy (b3
V1= %(H ST TR )“’21% <h2+ TR
(B2 2h 3CHRS w (B 20k
T¥o- (EJF e ) et (5t Ty
e h4 3C12h6 nn h5 Hn h6
+1o- <4_? + 6! 2 + p219,- 5_? + - 6_? (A.31)

For 1,5, replace hy by 2hy in equation A.31. Assimilated the above equations in

matrix form:
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where a and b are the coefficients of the corresponding ¢y terms. Inverting the above
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matrix equation, we obtain:
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Differentiating Taylor’s series expansion A.25 of ¢)_; twice with respect to =, we

have:
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Putting the values of 1/)0, s Yo s Yo- , Yp- and 9y~ in equation A.32 and

simplifying, we obtain:

h2
Yoy = Yy <b26 — hibgs + 51 —bys 1b56 + ) +

h, h
b25 - h1b35 + b L b55 + 1 b65 +

(o 50

/\

21

h2

h2
h_y <b24 — hibsy + by 1 b54 + ) +
(N <b23 — hybsz + = b43 1 b53 + >

h? 3 hi
(0 (101 — hips + EP?, - 3,104 + 4!105) +

h? h3 ht
(LN <b21 — hibsg) + 2—1541 3} bs1 + 4} bﬁl) +



141

h4
1 662> (A.33)

3!

h? h3
(LN <b22 — hibsy + 2—1542 —tbsy + m

where p; = a-bay +0-bog 4 bag +bag + bas +bog , P2 = a-b3y +b- b3y + b3 + b3y +b35+ b3
; D3 = -ba1 +b-baz +bs3+bas +bas +bag , pa = a-bs1 + - bsa+ sz +bsa + bss + bse and
D5 = a - bgy + b b + bez + bea + bgs + bgg. This relation gives the seven-point second
derivative approximation at one sample point before the interface. The relation at
one sample point ahead of the interface is obtained by interchanging hy = —hy,
Yo = 1hg, by = Y3, Yyp = 1p 4 and nf = 0.

A similar procedure is followed to find the second-derivative formula at two
sample points before the interface. With reference to figure 3.2, expanding the field

on either sides of the interface in terms of g:
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Replacing all wéﬁ) derivatives with 1/)(()?) derivatives in above equations:
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Differentiating equation A.35 twice with respect to x:
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Following the intermediate steps, we get the final relationship:
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where p1 = a - by1 + bag + bag + bag + bas + bag, p2 = @ b3y + b3z + b3z + b3a + bzs + bsg,
P3 = @ - byy + bag + baz + bag + bas + bas, s = @ - b5y + bsz + bsz + bsa + bs5 + bse and
D5 = a - bgy + bga + bgz + bes + bes + bgg. This relation gives the seven-point second
derivative approximation at two sample points before the interface. The relation at

two sample points ahead of the interface is obtained by interchanging hy = —hy,





