Chapter 10 Sinusoidal Steady- State Power Calculations

In Chapter 9, we calculated the steady state voltages and currents in electric circuits
driven by sinusoidal sources

We used phasor method to find the steady state voltages and currents

In this chapter, we consider power in such circuits

The techniques we develop are useful for analyzing many of the electric devices we
encounter daily, because sinusoidal sources are predominate means of providing electric
power in our homes, school and businesses

Examples
Electric Heater which transform electric energy to thermal energy
Electric Stove and oven
Toasters
Iron
Electric water heater
And many others



10.1 Instantaneous Power

Consider the following circuit represented by a black box

i (t)
—_— i(t)=lycos(at + & )

\-/I_(t) v(it)=V,cos(ex + 4 )

The instantaneous power assuming passive sign convention
( Current in the direction of voltagedrop + 0 — )

p(t)=v ()i t) (Watts )

If the current is in the direction of voltage rise (—[L1+) the instantaneous power is

U pO)=-v D)
v (t)

i (1)




H(t)

e
+

v_(t) V()= Vcos(et + 4 )

— 1(t)=lncos(at + 6 ) 1(t)=1,cos(at )
‘ V()= Vncos(at + § - 6 )

pt)=v (i) ={Vncos(at + & — 6 ){Inycos(et)}
= Vlycos(at + & — 6 )cos(at)

Since 1 1
cowcosﬁ:2cos(a—,8)+zcos(a+,8)
Therefore
p(t)= Y mcos(q - §) + Y mcos(2et +6, - 6)
Since

cos(a+ f)=cosacosf — sinasin

‘ cos(2at +6, — 6 )=cos(d, — 6 )cos(2at)—sin(d, — 6 )sin(2at )

=) p(t)= ') JIncos(d, - ) + mzlmcos(a,— 6?i)cos(2a)t)—vm2|msin(6(,— 0)sin(2at)



H(t)

B 1(t)=1,cos(at )
v (t) V(t)=Vycos(at + - 6)

0(t)= mmcos(é(, 0) + mzlmcos(a, 6)cos(2at )" mzmsm(é(, 8)sin(2at)

g,=60° @ =0°

You can see that that the frequency of the Instantaneous
power is twice the frequency of the voltage or current




10.2 Average and Reactive Power
Recall the Instantaneous power p(t)

pt)= Vinl mcos(éc 0.) + mzlmcos(@ H)cos(Za)t)— m! msm(@ 0. )sin(2at)

pt)=P + Pcos(2at)—Q sin(2at)
where

P = %cos(@ - 8) Average Power (Real Power)

Q= m Lo imsin(g, — 6) Reactive Power

Average Power P is sometimes called Real power because it describes the power in
a circuit that is transformed from electric to non electric ( Example Heat)

It is easy to see why P iscalled Average Power because

1 to+T 1 to+T _
Tj p(t)dt :TJ {P + Pcos(2at)-Q sin(2at )}t =P
t

o 0



Power for purely resistive Circuits

pt)=P + Pcos(2at)—Q sin(2at)

6= ‘sz—mzlmcos(@—ei) :V—mlmcos(O) :szlm

2
Vol i Vil singo) = il
Q= "mymsin(@ - §) = ~mymsin(0) =0
3
5 2.0
z
m=)  p()=Yuln + Vincos(2at) 2 |\
2 2 v 15
)Ii
Vm2|m g 0.5'_'
€ o | | | !
g 0 0005 001 0015 002 0.025

Time (s)
The Instantaneous power can never be negative

‘ power can not be extracted from a purely resistive network




Power for purely Inductive Circuits p(t)= P + P cos(2at)—Q sin(2at)

6,=6,+90° W) 4 -4=00° mmmp P=V—m|mcos(6b— 6?.)=V—m|mcos(900)-
=) P()= - Llnsin(2ot) Q= Ynlmsin(g - 4) = m'msin(900)-

The Instantaneous power p(t) is continuously v m2| m

exchanged between the circuit and the source
driving the circuit. The average power is zero /
) (VAR
- : : : L0 ( )

The dimension of reactive power Q is the same
as the average power P. To distinguish them we

use the unit VAR (Volt Ampere Reactive) for Vol
reactive power 2

Time (s)

:
o
=

When p(t) is positive, energy is being stored in S ,

o . : : . = p (W)

the magnetic field associated with the inductive S

element i
=

When p(t) is negative, energy is being extracted &% 0 Cov)

from the magnetic field 3

The power associated with purely inductive g —0.5

circuits is the reactive power Q E : | | | ]
s —-1.0
= 0 005 001 0015 002 0.025
=



Power for purely Capacitive Circuits p(t)= P + P cos(2at)—Q sin(2at)

6,=0 —90° mmm) g, —0 = —90° mmE) P - %cos(@ ~0)= sz' m cos(~90°) 20

Viln o Vil o Vol
- (t) m m S|n(20)t) Q = m2 m Sln(Q, — 6’| ): m2 m SII’](—90°)= ——m2 m
The Instantaneous power p(t) is continuously V .
exchanged between the circuit and the source 2

driving the circuit. The average power is zero

When p(t) is positive, energy is being stored in g, 1o
the electric field associated with the capacitive Ej R (W)
element g 03
. . . 3 P (W)
When p(t) is negative, energy Is being extracted & 0
from the electric field &
The power associated with purely capacitive g 05
circuits is the reactive power Q (VAR) 2] Lo Q (VAR)
Q — .
g
g
s —-15
z 0 /0005 001 0015 002 0025

_V . Time (s)
2



The power factor
Recall the Instantaneous power p(t)

pt)= lemcos(ée, 9)+Vm|mcos(6(, 6. )cos(2at )~ mImsm(é@ 8. )sin(2at)
2 2

P average P average Q reactive
powe powe power

= P + Pcos(2at)—-Q sin(2at)

The angle ¢, — 6 plays a role in the computation of both average and reactive power
The angle &, — 6 is referred to as the power factor angle
We now define the following :
The power factor pf=cos(& - &)

The reactive factor rf=sin(@ - &)



The power factor pf=cos(& - &)

Knowing the power factor pf does not tell you the power factor angle , because
cos(q, — 6)=cos(6, -, )

To completely describe this angle, we use the descriptive phrases lagging power factor
and leading power factor

Lagging power factor implies that current lags voltage hence an inductive load

Leading power factor implies that current leads voltage hence a capacitive load



10.3 The rms Value and Power Calculations

Assume that a sinusoidal voltage is applied to the terminals of a resistor as shown

&
+

V _cos(at +06) § R

Suppose we want to determine the average power delivered to the resistor

2
to+T + cos(at +6 } L+T
p_ 1" t)dt =L kT {vm (@t+6,) 11 V ?cos®(af +6 )t
p = dt RIT m \Y
to T Ji R to

o m

1 to+T ;s
However since V = J‘ V “cos (cot+9v )dt

‘ P —_ms If the resistor carry sinusoidal current P=RI2,
R



Recall the Average and Reactive power

P=Volncosa-4) Q= "nlnsinga - g)

Which can be written as

p— Viln cos(d, — ) Q—Msin(@—@i)

V242 242

Therefore the Average and Reactive power can be written in terms of the rms value as
P =V mslmscos(@ — ‘9|) Q =V mslmsSIN(G — 9,)
The rms value is also referred to as the effective value eff

Therefore the Average and Reactive power can be written in terms of the eff value as

P:Veffleffcos(@_ 0.) Q:Veffleffsm(a’_ QI)



Example 10.3



10.4 Complex Power

Previously, we found it convenient to introduce sinusoidal voltage and current in terms
of the complex number the phasor

Definition

Let the complex power be the complex sum of real power and reactive power

S=P+jQ

were
S isthe complex power
P isthe average power
Q isthe reactive power



Advantages of using complex power S=P+jQ

— We can compute the average and reactive power from the complex power S

P=%R{S} Q=3{5}

— complex power S provide a geometric interpretation

S=P+jQ =|s| e’
S| Q

wWere (reactive power)

S|=y/P?+Q* Iscalled apparent power
P

(average power)

a1 Q@ LV oalgcos@ - 6 _,[cos(4, - @ r
6 =tan (sztan {lemsin(@—ei))}:tan {Sin((@_ei))]:tan (tan(@ - 6))= &- 6

power factor angle

The geometric relations for a right triangle mean the four power triangle dimensions
(|S|, P, Q, @) can be determined if any two of the four are known



Example 10.4



10.5 Power Calculations

S=P+jQ= %cos(@— 6) +j %sin(@— a)

o Vol L6 -8) 16, -4)
:%[COS(@—@)+]SIH(@—@)J: m2me = Vil €

%I 16

—v, el e

=Vl
eff eff eff

were ':ff Is the conjugate of the current phasor .

I eff
ﬁ

+ Ci )
IrCul
\/eff cult

Also S==VI"



Alternate Forms for Complex Power

Ieff
ﬁ

The complex power was defined as

+ - -
\/eﬁ Circuit S =P +jQ

Then complex power was calculated to be

. 1., «
S:Veffleff OR S:2 Vl
However there several useful variations as follows:
First variation
Ieff | |2
— S=Vl =1 )° =71 1~ =2Z|l
; eff eff 7 eff eff eff eff
+ - -
V.. Z=R+jX = R+iX)II_P=RI_P +iX|[l_P
= L -2 0
=) P=R|l_P =RI2 = ZRIYi Q=X =Xl =20



Second variation *

* 2
| efr S = Veffl*: \ P/eff] :V—eﬁveff = lveffl
> eff eff | Z Z* Z*
M 3 2 2
V Z=R+jX _ Ml - Mg R+jX _ R+IX e
= l R-JX  R-JXR+]X g2 x2 ©f
: X
) RZTXZNeff |2+JR2+><2NEﬁ |2
P Q
B p- R v p - R yo ol R _yo
R2+x2 R2+x2 " 2R24x2 "
X 5 — X V2 1 X 2
AN = - V
? R2+X2l\/effl RZ+x2 2R24+X?
. R 2
If Z=R (pure resistive) X=0 mm) P= R2x 2 e - Nngfl Q=0
_ : _ _ _ X vop N_F
If Z=X (purereactive) R=0 mm) P=0 Q R2+X2l\/eﬁl = g



Example 10.5 Line

_ LLoad
10 j4 0}
In the circuit shown - a load having ==
an impedance of 39 + j26 Q is fed from a voltage 390
source through a line having an impedance of 1 + 250/0° v I |
j4 Q. The effective, or rms, value of the source V (rms) X 4
voltage is 250 V. ok

.

® T
- Line ————f=— Load

Source

a) Calculate the load current Iy and voltage V.

SOLUTION

a) The line and load impedances are in series 250 {_Q
across the voltage source, so the load cur- ‘ I = 40_!_ 830 = 4—j3  rms because

rent equals the voltage divided by the total the voltage is
. =5 /-3687° A : :
impedance, or £=368T" A (rms) given In terms

of rms

B V. =39+ 260l =234—j13 =234.36 /-3.18° V (rms)



IL =4-j3 =5 /-36.87° A (rms)
VL =234 - j13 =234.36 /—3.18° V (rms)

Oviem

-3 — -
Source —t+——Line ——f=— Load

b) Calculate the average and reactive power de-
livered to the load.

m) P=975W Q=650 var

Another solution  The load average power is the power absorb by the load resistor 39 Q
V RIR

Recall the average Power for purely resistive Circuits P =% =V R IR
eff eff

were VR and IR  Are the rms voltage across the resistor and the rms current through
el " the resistor

P=YRIR =RI2
eff  eff eff



*+— WA B
V R
250/0° ! IL —4—j3 =5 _/-3687° A (rms)
V (rms) +
\/ Inductor VL = 234 — j13 = 234.36 74 —3.18° V (I'ITIS)
eff
& e _
Source - Line——+—] 0ad AN VLIi £ {234 > j13)(4 +j3} =975 s jﬁso VA
From Power for purely resistive Circuits ‘ P=975 W
| Q =650 var
1\/ ~L
P= V.1, =V I =\ R ||IR -\/ R|R
g MM et E) P lveff ”Ieff | Veff Ieff
o : . R _
VR =39 v _ 39 533600318 | g5pi®e  mmpY =199
eff 39+)26 L 39+]26 |W

eff
m) P=VF?IR  —(195)(5) =975 W
eff eff

- P=VRIR =RIR)R =R(IR)? = (39)(52) = (39)(25) = 975 W
eff eff eff  eff eff

T : j 93°
Q :V off I off ‘ Q :V :::dUCtor I If:dUCtOI’ \/ Inductor :JZ-GV _ J 2-6 234.366—_]3180 — 130ej
: eT’—T eff 39+j26 L 39+j26
=

Inductor _ —(130)(5)=650 VAR Q= Xl2 =650 var
B v eero130 B Q=(30)6) OR o



Line

10 j4 Q)
- — AN ——— Y YT

IL =4—-j3 =5 _/-36.87° A (rms)
Vi =234 - j13 =234.36 /—3.18° V (rms)

250,’_{_:[“ +V Line __
V (rms) €

L]
Source -t Line ——}=—Load

=12 P=(5%1)=25W,
¢) Calculate the average and reactive power de- P=14R =) )"
livered to the line. Q _ Ieszx ‘ Q = (5)2{4) — 100 VAR

OR using complex power

ineg * ' 1+j 4 Line — _)
_ Line Line — V =250-V
S Line Veff | eff veff (1_|_j 4)+(39+j 26) (250) - eff L

\/']:fi”e:20.6 39.1° V rms
€

_ Li * .
B S o= Vel _oos /3910 5,3687° 103 /75970 =25+j100 VA



Line

_ LLoad
10 j4 Q)
f__qﬁﬁ.—m—: I =4—-j3 =5 /-36.87° A (rms)
39 () s =
250&[—1& v I | VL = 2’34 5 f 13 = 234.36 d "_‘3.18 V (l'ITIS)
V (rms) g 5,
J26 £}
. . -
Source i Line —f=— Load

d) Calculate the average and reactive power sup-
plied by the source.

From part (c)  From part (b) _ :
S =S + —— ————"=(25+975)+ j (100 + 650)=1000+ j 750 VA
Absorb Line Loag= (25+)100) + (975+)650)

) Ssupply: _SAbsorb =—(1000+j750) VA

- S =-250/0° (1")= -250 /" 0° 5 £ 3687° _ _1250,36.87° VA
upply L

=-1000—j750 VA



Example 10.6 Calculating Power in Parallel Loads

The two loads in the circuit shown can 0.050 0509 ”

be described as follows: Load 1 absorbs an average % 3" -

power of 8 kW at a leading power factor of 0.8. v ' 250/0° =ik % ll‘
Load 2 absorbs 20 kVA at a lagging power factor . V(rms) v

of 0.6. : =

a) Determine the power factor of the two loads
in parallel.

I, =L+1 S=250I =@50)I; +1)* = @501 + (250)I; =51+ S2

—36.87° 8000(.6
S kW S1 = 8000 — j O gh00 — j6000 VA
_6kVAR (.8)
10 kVA
20 kVA

16 KVAR 52 =20,000(.6) + j20,000(.8) = 12,000 + 16,000 VA
53.13°

12kW




MW —— g ~36.87° 8000(.6
s + 8 kW S1 = 8000 — j (8(] )
s 5 —6kVAR :
v, 2000 1y flyy  |r, 88 10 kVA
V (rms) ' :
) - = 8000 — j6000 VA
e &
[ =41 20 kVA :
s =h+kh 16 KVAR 52 =20,000(.6) + j20,000(.8)
53.13°
S = 12,000 + j16,000 VA
gpw 3687 20 kVA 22.36 kVA
16KVAR = . |10kVAR
TR 20 kW

' § = 20,000 + j10,000 VA

) [+ _ 20,000 + j10,000
i 250

=80+ j40A I, =80—j40=289.44 /-26.57° A

pf =cos(q, — HI ) pf = cos(0 +26.57°) — ().8944 lagging

The power factor of the two loads in parallel is
lagging because the net reactive power is pos-
itive. ;



+ . + b) Determine the apparent power required to
I 250/0° | supply the loads, the magnitude of the current,
X L} L |yh loss in the transmis-
- V (rms) T I,, and the average power loss in the tran
s o sion line.
& ]

I, =80 — j40 =89.44 /-26.57° A

81:8000_J 6000 VA 32 =12000+ j16000 VA S =20000+ j10000 VA

The apparent power which must be supplied to these loads is

S|=/20000+ j10000| VA =22.36 KkVA

The magnitude of the current that supplies this | = |80 — j40| =89.44 A
apparent power is

The average power lost in the line results from Pine = |L>R = (89.44)%(0.05) =400 W
the current flowing through the line resistance

Note that the power supplied totals 20,000 +

400 = 20,400 W, even though the loads require

a total of only 20,000 W.



0050 j0.50Q

*250/0°
V (rms)

C?

f

S|

26.565° ||JOkKVAR

¢) Given that the frequency of the source is 60 Hz,
compute the value of the capacitor that would
correct the power factor to 1 if placed in paral-
lel with the two loads. Recompute the values
in (b) for the load with the corrected power
factor.

As we can see from the power triangle

We can correct the power factorto 1  if we place a cap

\ 2
the capacitive reactance X = Verel™ _ —6.25 @
Q
| -1
1 Lo L Ot
Recallthat x —_ + @ =2n(60) =376.99 rad/s ~

aC

gf1tor in parallel with the existing load

= (376.99)(—6.25) = 1244 uF



Iy [ llg 1

22.36 kVA "

20 kW

—10 kVAR = 50 KW

When the power factor is 1, the apparent DR
power and the average power are the same . S| =P =20kVA

20,000

The magnitude of the current that supplies this IL| = —80A
apparent power is 250
The average power lost in the line is thus re- Pine = ILIPR = (SG)Z(U.US) =320W

duced to

Now, the power supplied totals 20,000 +320 =
20,320 W

The addition of the capacitor has reduced the line loss from 400 W to 320 W



10.6 ¢ Maximum Power Transfer

Pl : For maximum average power transfer, Zp must equal the conjugate of
— the Thévenin impedance; that is,
I 2L =21
vTh ZL Th
' Find Z, that will absorb the maximum power
b , ’
Zmh = Rm + j Xm Zy, =R+ jXL
load s I= ki
oad current 118 = (Rn + Ru) + J (X1n + XL)
delivered to the loadis P = [I|°R p= [Vl Re
The average power delivered to the load 1s = L (R & RUZ + (X + X1)2
ar — |V [?2RL(XL + XTm)
0Xy  [(RL+ Rm)® + (XL + Xm)?)’
9P  \Vml(Re + Rm)* + (XL + Xm)” — 2RL(RL + Rmn)]
dRL [(Re + Rm)? + (XL + Xm)*
dP/3Xy iszerowhen XL =—Xm R
: _ 2 7 J—
dP /3Ry is zero when RLz\/R%h—}-(XL—I—XTn)Z = \/Rth+(>/L+ th) th

x*
ZL_ Rth_xth = Zth
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