8.3 Z- Transform

Similar to the Laplace Transform, we will develop a transform for the analysis and
Synthesis (not in this course) of discrete system
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In the Z-transform,

X (2)=3yx(NT )z "=x(0)z *+x ()2 '+x (2)z " +---
n=0
The coefficient x(nT) denotes the sample values and ™ denote the

Sample occurs n sample periods after t=0

Example 10z _15 Mean a sample having a value 10
Occurring 15 samples period after t =0

Note 7 —g ' Which imply T-second shift

—n —snT

7 =@ Which imply nT-second shift



Example 8-4

Define the unite impulse sequence by , x(nT)
1 n=0
X (NT )= =o(nT)
O O O » N
\0 n=0 P A

Note : the unit impulse here (the discrete) is different from the impulse Xt)

sm| =1 ) =

X (2)=yx(nT)z " =)z +(0)z '+(0)z "+ ---=I

ot) & 1 o(n) <> 1

Laplace



Since 5(” _k ):<

s X(NT )= X (KT )d(n—k)

g (to)z j g (t )5 (t —to)dt Sifting property



Example 8-5 x(nT)

Define the unite step by the sample ‘
values ‘ ‘ ‘
n
x(nNT)=1 n>0 oot

X(2Z)=yx(nT)z " =yz7"

since ¥X"= 1 for|x|<1
n=0 1—X

| Z

— X (z)=ioz ‘”=§O(Z Bl “e Tzl

77 <1=|z|>1



x(nT)

X(NT)=1 n>0 ‘ ‘ ‘ ‘

VA
X@=" 27 <1=|z]>1

Note X(Z) has a pole at Z =1

Z =1 correspondto S =0

step function U(t) < 1 hasapoleat s =0
S



Xx(nT)

x(nNT)=1 n=0 l l
0 1 2

L jeeeesss—=@)

The discrete unit step defined above 1s not simply a sampled u(t)
unless u(0) =1

u(t) is not continuous at t=10

The discrete unit step is denoted u(n)



Z- Transform Properties

(1) Linearity Z- Transform 1s Linear operator

If x(T) & X,(2) x(T) < X,2)
Then Ax,(nT) +Bx,(nNT) < AX,(z) + BX,(2)
Proof

Z[Ax,(nT ) + Bx,(nT)]= i[AXl(nT ) + Bx,(nT)Jz ™
= ZAXI(nT )Z " +3Bxa(nT )z ™
—Ale(nT )2 " 4B (T )z
=AX ,(2)+BX,(2) -



(2) Initial value and Final value theorem

Initial value theorem X(0)=lmm X (2)

. —0

Proof X (z):ix(n )z " =x(0) + ix(nT )z "

lim X (z) =lim X (0) + lim ZX (nT)z "~

£ % 7 —>00 Z—0

z—>z

=x (0) + zx(nT )(0) =x(0)

=X (0) +

Final value theorem

x(@) = lim (1-z HX () =lim Z=1X @)

z—l z—l

Proof ( Difficult to show)



Inverse Z-Transform

Since

X 2)=3x(NT )z "=x(0)z "+x (D2 "'+X(2)z " +---

Therefore , if we can put X(Z) into the form shown above,

Then we can determine X(NT) by inspection

X(NT) will be the coefficients of the polynomial of X(Z)



Example 8-8

2 2

X(@)=° : 1

Z-)z-02) 2°-122+02 1-1.27 4027 "

Using polynomial division, we get

X (z)=1+1.27 "+1.24z "+ 1.2487 " +---

e TN

x0)=1 x(M)=12 x(2)=1.24 x(3)=1.248

The disadvantage of this method is that ,
we do not get X(NT) in closed form



2 2
X (2)= Z - Z _ |
(z-1)(z-02) z°-12z2+402 1-1.27'+02z"

X (z)=1+1.27 "+1.24z "+ 1.2487 " +---

x(0)=1 x(M=12 x@2)=1.24 x(3)=1.248
From Initial value theorem

x(0) = hm X (z) =lm(l)+lm(l. 2/V<+11m(1 / + lim(1.248z / +--=1

Final value theorem X(oo)=lim (1-27HYX () =1im *x (2)

4 S
)= 1 =i -
TR Y om0 T oy




Using the Z-Transform Table

Example 8-9
Let X (z)= L Fndxn)?
1-1.2z2 +0.2z
2 2

z°-1.2240.2 (z-1)(z-0.2)
Since the degree of the Numerator equal the degree of the denominator
1.2z -0.2
(z -1)(z -0.2)
1.25] | 0.05
z—-1| |12-0.2
: :

This form 1s not available on the table

Polynomial division X (Z)=1+

=1+




X (z ): Z
Z (z -1)(z —-0.2)

Now the degree of the Numerator less than the degree of the denominator

Now

Using partial fraction , we have

X(z): 1.25  0.05 — X (2)= 1.25z  0.25z
Z z—-1 z2-0.2 Z —1 z—0.2
-z 1-0.2z
= X(nNT )= 1.25 - 0.25(0.2)" n>0 Table 8-1
X(0)=1
x()= 1.2
Xx(2)= 1.24

X (3)= 1.248

X (00)= 1.25=—p It was shown previously using the final value theorem



Delay Operator

Since X (Z):iX(n)Z B x(n)=0 n<yq

The Z-transform of X(N—K) is

Z[x(n-k) |= é[X(n—k )z ™
Let m=n -k
= Z[x(n-k)]= 3 [x(m)z " =mik[x(m)]z ek

Since X(N) isassumed 0 for n<0 , then X(M) =0 for m<0

— Z[x(n—-k) ]= i[x(m)]z k=g i[x(m)]z b



Since X(NT) isassumed 0 for n<0 , then X(MT) =0 for m<0

Z[x(n-k) ]= 3 [x(M) "' = i[X(m)]Z o

m= -k

=2y [x(ME ™" =2"X ()

Therefore ,delay by K samples periods is equivalent to multiplication by A

Note , the similarity in Laplace domain,

x(t —t, Ut -t,) < X(s)e™



Example 8-10
In this example we will show the effect of multiplying X(zZ) by 772

From Example 8-9, we have ,
X(0)=1
X(H)= 1.2

X@)= %
(Z) (2 -1z -0.2) ) -

X (3)= 1.248

X ()= 1.25

1

Now let Y (z)=z "X (z) :(z —1)(z -0.2)




1

Y (2)=
(z -1)(z -0.2)
Y (z) _ 1 _ 5,125 625
Z z(z-1)(z-0.2) z z-1 z-0.2
— Y (2)= 5+ 1.25z2  6.25z O o
z—1 z—-0.2 ()= 0
y(NT)=58(nT )+ 1.25 —6.250.2)" WY y(@)= 1
y(3)= 1.2
X (0)= 1 y(4)= 1.24
- X(1)= 1.2
Sinee X(2)= 1.24 = y(n) =x(n-2)
X (3)= 1.248

‘ multiplying X(z) by z7# lead to delay by 2T



Example 8-12 (Discrete Convolution)

Let the input to a discrete-time system and the unit impulse response

x(n) — h(n) — y(n):ix(m)h(n—m)

x(n) h(n)

i i

_';ﬁp—l



x(m)

y (=3 x(mhn-m)

wﬁp—l

_';ﬁp—l
3

h(n—m)3

IH yn) =0 n<o
J :m

N—-2n-1n 0




x(m)

N

y(0) = (H(3)=3
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n=1 - xm)

_';ﬁp—l
3

y() = D2)+(2)(3)=8

2]
1
h(l-m) I
1



N=2 x(m)

_';ﬁp—l
3

y(2) = HD+2)(2)+(2)(3)=11




n=3 ()

_';ﬁp—l
3

y(2) = QD+(2)2)+D(3)=9

—
=



=4 xm)

> M

y(4) = Q)DH+D(R2)+D)(3)=7

=



y(n)

> N

0 12 3 456



Example 8-13 (1
X(n)= ( ju(ﬂ) h(n)= ju(ﬂ)
\

y()= 3 x(Mh(n-m) = 3 é}mu(m)@n “un—m)
Since urz;r_lo; =0 for m <0 an;c_lwsince u(n—-m)=0form >n
o= (33 £ 12 B A58

Using the summation formula ix " _




Stability

Recall from Chapter 2

X (t) —> ht) |, YO =x(@)=*h()

:jh(i)x(t—ﬂ)dﬁ

For the system to be Bounded Input Bounded Output (BIBO)

o0

j\h<t>|dt< o

—00



Now for discrete-time system

x(ny—{ () = ym)=3 xmh(n-m)

For the system to be Bounded Input Bounded Output (BIBO)
If XxX(n)] <o then [y(N)| <

< i X (m)h(n—m)

M =—0o0

y ()| =

S x (mh(n-m)

for a bounded nput |x(n)] <M <o forall n

ly(n)] < iM h(n-m)| =M i\h(n—m)\

Thus the system output is bounded 1f Z ‘h (Nn—m )‘ < 00
m

=—00



Example 8-14

h(n)=

|

1

3

)

1

4

T

u(n)

Is The system h(N) is Bounded Input Bounded Output (BIBO)

Since h(n)=0 may |h(n) |=h(n)

00 o n n . 1 n . 1 n
gro-mt 545 1) 20) 2o,
_ 43 o o,

1—1 1_1
3 4

‘ The system is Bounded Input Bounded Output (BIBO)



For a continuous-time system

X(t) — h(t) - Y ()

A differential equation can be used to model a continuous-time system

dx m(t) dx m-1(t)
gt +bm—1 dtm_l +"°+b0y(t)

dyn(t) +an—1 dyn_lgt) Tt aoY(t) — bm

Ch N n—
dt dt

Now if we take the Laplace Transform of both side (Assuming Zero initial Conditions)

a,s"Y ) +a, 8" Y S)+--Fay (s)=b,s"X@E)+b, S"TX(S)+ - +byX (5)

The transfer function H(S) defined,

m m-—1
A Y(S)allinitial _ b,s” +b,S + .- +Db,

= X (S) conditions anS” +an—ls n-1 4ot aO

arc z€ro

H(S)




For a discrete-time system

X(N) —— h(n) >y (N)

A difference equation can be used to model a discrete-time system
y(m) +Kyy(n-HrK,y(n-2)+---+K,y(m-m)
=L,x(n) +Lx(n-D+L,x(n=2)+---+L X(n-r)

Now if we take the Z— Transform of both side
Y z) +KizY )+ Koz X (2)++Kmz ™ (2)
=LoX (z) +L;z7' X (z2)+ L,z 22X (2)++--+Lrz "X (2)
The transfer function H(z) defined,

Y z) Lo tLiz-+L,z24 L,z

X(Z) 1+K,z-1+K,z-24-+K_ z-m

H(z) 2



For a discrete-time system

Xx(n) —> h(n) - y(n):ix(m)h(n—m)
X (2) H(z) Y (2)=X(z2)H(2)

From Example 8-13
X(n)= ( jU(n) h(n)= ( jU(n)

Using discrete convolution

y ()= z x(mh(n-m) =31"=2(1]" n >0

Now we will find y(n) using the Z-transform



X(n) — h(n) +— y(n)

x (M= ( )““” n(n)= ( ju(n)

X@2)=° =1
@) 2 —(1/2) @) z—(1/3)
7 L
‘ Y(Z):X(Z)H (Z):(Z_(l/z)j(z_(l/:;)j
Y (2) 7 _ 3 2

T -/2)z-1/73) (@-1/2) (z-1/3))



X(z)—| H(@) — Y (2)

Y @) 3 2
T (z-(1/2) (z-(1/3))
VA
Y (2)= RYA 27

(z -(1/2)) (z -(1/3))

m) 0 =23 n=0



