
Similar to the Laplace Transform, we will develop a transform for the analysis and
Synthesis (not in this course) of discrete system

8.3  Z- Transform

Let



Z-Transform of the 
Sequence samples x(nT)



Z-Transform of the 
Sequence samples x(nT)
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In the Z-transform,

The coefficient  x(nT)  denotes the sample values and z−n denote the 
Sample occurs  n sample  periods  after  t = 0 

Example Mean a sample having a value  10 
Occurring 15 samples period after t = 0

Note Which imply T-second shift

Which imply nT-second shift
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Example 8-4
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Define the unite impulse sequence by ,
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Define the unite step by the sample 
values
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Note X(z) has a pole at z =1

z =1 correspond to s = 0
1step function  (t)     has a pole at   = 0s
s

u ⇔
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The discrete unit step defined above is not simply a sampled  u(t) 
unless  u(0) = 1

u(t)  is not continuous at  t = 0

The discrete unit step is denoted  u(n)



Z- Transform  Properties

(1)  Linearity Z- Transform  is Linear operator
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Initial value and Final value theorem(2)  
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Inverse Z-Transform
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Therefore , if we can put X(z) into the form shown above, 

Then we can determine  x(nT) by inspection

x(nT) will be the coefficients of the polynomial of  X(z)
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Using polynomial division, we get

Therefore
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The disadvantage of this method is that , 
we do not get  x(nT) in  closed form
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Using the Z-Transform Table

Example 8-9
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Now the degree of the Numerator less than the degree of the denominator
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Delay Operator
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Since   x(nT)  is assumed 0  for  n < 0 ,  then   x(mT)  = 0  for  m < 0

( )kz zX−=

Therefore ,delay by k samples periods is equivalent to multiplication by z−k

Note , the similarity in Laplace domain,
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Example 8-10

2

( )
( 1)( 0.2)

zz
z z

X =
− −

In this example we will show the effect of multiplying  X(z) by  z−2
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multiplying  X(z) by  z−2 lead to delay by 2T
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Example 8-12   (Discrete Convolution)

Let the input to a discrete-time system and the unit impulse response
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Stability

Recall from Chapter 2
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Now for discrete-time system
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The system is  Bounded Input Bounded Output (BIBO)

Is The system  h(n) is  Bounded Input Bounded Output (BIBO)

Since  h(n) ≥ 0 |h(n) | = h(n)
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A differential equation can be used to model a continuous-time system

Now if we take the Laplace Transform of both side (Assuming Zero initial Conditions)

1 0
1

1
1

0( )  + ( ) + + ( )  ( ) + ( ) +  + ( )n n
n m

m
n m

ma a a b bs s s s s s s s s sY Y bY X X X−
− −

−=

all initial 
conditions 
are zero

1

1
1 0

1 0

+  +  + 
 +  + + 

( )
( )   

( )
m m

n n
m m

n n

b s s
s s

b b
a a a

Y
X

sH
s
s

−

−
−

−

=

The transfer function  H(s)  defined, 

For a  continuous-time system
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A difference equation can be used to model a discrete-time system

Now if we take the Z− Transform of both side
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For a  discrete-time system
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For a  discrete-time system
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Now we will find  y(n)  using the Z-transform

Using discrete convolution
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