Chapter 6 Applications of the Laplace Transform



EXAMPLE 5-3

t=0
:,Y& ’TE‘\—H— In analyzing the circuit , we first wrote down the differential
¢ equation using KVL
) :

x(1)

)

L diT(:) + Ri(t) + % foo i(A)dr = x(¢)

Initial condition i(0~) =0

Taking Laplace Transform for both side ‘ Lsi(s) + RI(s) + f(é) + vel0) _ X(s)
s S

were Vg (0)=é I i (1)d A
Inverse Back

Solving for I(s) I(s) = L[5’ ixg_g /L;‘?(f_l) LC] ‘ | (t)




In this chapter , we are going to do the

First Transform the circuit to the s-domain (Laplace Transform)

Transform to the S-domain

L=jgH C=3F
. )\_N‘(v\ — Each element of the circuit

Is replaced by its Laplace-transformed

X (t) C) i (1) § R-10 - Equivalent

Similar what was done using the phasor

Second Solve for the s-transformed required variable (i.e 1(S))
using all linear circuit techniques such as:

OHM , KVL, KCL , VDR, CDR, Thavenin, source transformation ,
Nodal and Mesh

Third Inverse back , to obtain the time domain variable i(t)
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Example 6-1 (=0 |
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X (1) =(—O.5 cost + 2.5sint )u t)
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i (0)=0V v (0)= -2V

0.5s 2.5s
Xt) = X (5)=— o+
S°4+]1 s +1
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X (t)=(—0.5 cost + 2.5sint )u t)
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X()__OSS 2.55 C) @ i
s’+1 s’+1

KVL mm —X <s>+(10jl<s>+( jl<s>—+<1>l<s> 0
0.55 , 2.5 8 2
=) _52+SI+52+SI [10+5 HJI(S)_S

‘ I(S)Z 1552+2SS+2O
(s +1)(s*+10s +16)




_2
— Y — |
X (S):_O.Ss 25 C) | (s) ,
ST+l T4+l NG
|(S)= 155°+255 +20
(s°+1)(s’+10s +16)
From Example 5-10 ( Imaginary Roots)
15524255 +20 (15524255 +20)

1(S)=

(52+1)(52+105+16) ~ (S+j)(S =) +2)(5 +8)

AL A, A A,
T6+) 5-]) (5+2) (5+8)
‘ i (t)=(cos(t) +sin(t) +e*+e " u(t)

See Example 5-10 for details
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6-4 Transfer Functions

Consider the following circuit
L

—_—Y Y Y : —e
: +
input output
o () o iy
C

We want a relation (an equation) between the mput x(t) and output Yy(t)
t

KVL  x(t)= Ld:jgt) ¥ Ri(t)+éji(t')dt'

dx(®)_, di’®) | pdit) | i)
dt dt dt C



L
— Y Y Y ~ —

: +
Input

C
t

dx(t)_, di’t) | gdi) , i)
dt dt dt C

. y () dx (t) L dy>2() dy t) , y(@)
| =" = = + R= 4+ I
stee 1E)="2 dt R dt’ dt = RC

Writing the differential equation as

RC dX(t):LC dy *(®) n Rcdy(t) +y(t)
dt dt dt




L

—l Y Y Y - —
: +
Input
X () i) i<t>> Ry ) P
C

RC}P U= 1y O 4 rey @O {Fya)

Real coefficients, non negative which results from system components R, L, C




In general,

dy n(t dy "It
anyp +an—1y_$)+'°'+aoy(t) = b,

dx m(t)
dt dt " m

dx m-1(t) N

+b,
m dt m-—1

by ()

were a,'S , D, 'S arereal, non negative which results from system components R, L, C

Now if we take the Laplace Transform of both side (Assuming Zero initial Conditions)

a,s"Y ) +a, 8" Y S)+--Fay (s)=b,s"X@E)+b, S"TX(S)+ - +byX (5)

We now define the transfer function H(S) ,

A Y () _bys™ Aby s 4+ D

H(s) = =

X (s) 8,S" +a, 8"+t

all initial conditions are zero




dx m

ap dy " (®) T an dyn—llt) +etagy() = by, © + Dy dxm—lgt) + X ()

dt " dt " dt " dt ™"
H (s) 2 Y (S) bys™4by s™" 4+ b, a N(9)
- X(S) as" +a, 5"+ -+a, ~ D(s)

Since a,'s ,b,'s arereal, non negative

The roots of the polynomials N(s) , D(s) are either real or
occur in complex conjugate

The roots of N(s) are referred to as the zero of H(s) (H(s)=0)
The roots of D(s) are referred to as the pole of H(s) (H(s) = £ o0)



A Y (S) bys™Hb,s" 4 +by Ao N(S)

HE) X(s) as" +a,s" +-+a,  D(S)

The Degree of N(s) ( which 1s related to input) must be less than or
Equal of D(s) ( which is related to output) for the system to be
Bounded-input, bounded-output (BIBO)

H(s) = 4s° +25° +s +1

Example :
P 5% +65+8

: : C : _ —19s +17
Using polynomial division , we obtain H(S) =4s+2+ <2 16548

Now assume the input X(t) = U(t) (bounded input)= X (5) = 1S

Y (S)ZX (S)H (S) = 4+ % — l ( _2195 +17 } We see that for finite bounded
5 S LST+65+8 Input (i.e x(t) =u(t) )

‘ y(t)= 45¢)+2+ L 195417 We get an infinite (unbounded)
— S(s 465 +8) output

unbounded (— o) ‘ m<n for BIBO




A Y (S) bys™+b,s" 4 +by, Ao N(S)

HE) X(s) as" +a,_s" +-+a,  D(S)

The poles of H(s) must have real parts which are negative

‘ The poles must lie 1n the left half of the S-plan



Components of System Response

Consider the following differential equation ( Input / Output ),

a ¥+ ay©=bx )

Taking Laplace Transform of both side,

a[sY (s) —y(07)] +ay (s)= beX (s)
[as —a,]Y (s) =byX(s)+ay(0)
b, X () +ay(0™)
las —a,]

Y (5) =

V)= 0 x@) + YO
[als _ao] [als _ao]




a, MO |5 y1)=bx)

Lodt
b a,y (0~
()= X + YO
[a1S _ao] [aIS —ao]
b
If initial conditions are zeros ‘ Y (S) = p ’ - ]X (s)
ey 2 _NE) - Do
X (8) lattnitial PE) - [as -a,]
conditions
Tt i e
a,y (0~ ! /
Y 5) = H(@B)X () + Yy O = H(S)X (5) + CE)

D(s) D(s)



a YO 4 ayt)=bx)

dt
()= 0 x) + YD)
[als _ao] [a1s _ao]

Transfer Function

. " A polynomial related
All initial conditions

to initial conditions

B are Zeros /
~ ay©0) C(s)
Y (S)=H(@G)X(S) + De) =HG)X (s) + %
o) - - C(5)
y@)=L [HEexXxE)]+ D (s)

yt)=y,.0) + y, .0

Zero State Response Zero State Response
(Steady State) (Steady State)




Example 6-7



