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Chapter 5 Laplace Transform



Chapter S The Laplace Transform

Consider the following RC circuit ( System)

M

+

X(t) T Y

System analysis in the time domain involves ( finding y(t)):

Solving the differential equation RC d>(/j’f[) +y(t) = x()

OR
Using the convolution integral ~ y(t) = X (t )*ﬁ(t)

Both Techniques can results in tedious ( J&« )mathematical operation



. * Re YO vy = xt)

T YO at
X (1)
R

Fourier Transform provided an alternative approach

Differential Equation ‘ Algebraic Equgfion

RC d%t(t) +y(t) = x(t) RC(j27f )Y (£)+Y (f)=X (f)

solve for Y (1)

vy = XM

y () Inverse Back ’ [(J 27fRC) + 1]




W Re YO L vy = xt)

. ' dt
" T yo  RC(jgf)Y O+ (=X (f)
) - Y (f) - X (f)

[(j27fRC) +1]

Inverse Back
V() - r—
C

Unfortunately , there are many signals of interest that arise in system
analysis for which the Fourier Transform does not exists

A more general transform 1s needed



Fourier Transform pairs was defined

XO=[x @ ed X )= [x e ot

Now mu_ﬁiply X (1) by et and takes the Fourier Transform

FT [e “x(t)}:fx (t)e‘“e"“"dt:jx e “dt=X (c+ jw)

0 0

Let S = o+jow Complex Frequency

o0

— FT|e "X |=[x (e "dt =X (5) = L[xO)]

were L|: ] Denotes the operation of obtaining the Laplace Transform



The unilateral (s s:sl ) Laplace Transform defined as

0

LIx(@®] 2 jx te 'dt =X (5)

0
The inverse Laplace Transform L_1|: :| can be obtained as follows:

Since

FT [e‘“tx(t)}

j Xt “edt=X (c+jw)

Xte "=FT [ X (c+]jow)] =217j X (c+joer'dw

= x(t):e‘“zlj X (c+jowr“dw



x(t):e"tlj X (c+jwr'“dw =1j X (o+jwr™e“dw
27[_0o 27[_oo

= [ X(c+jor"""do
2r

—00

Change the variable of integration

S 2 orjo=ds =jdo OR  do="

The limits W= —>S =0+

O=—0 — S = 0— ]

o+ ]

= X(t):zﬂlj X (s)e’ds

o—joo



5-2 Examples of Evaluating Laplace Transform

Let X(t) =1, then

. " ot | —(o+jol
sty sty €|
X (S)—IX (the ~dt _I(l)e at =~ —S
0 0 0 0
ot —jat [ —ot *
_© € :—e[cosa)t—j sin o |
—S S
0 0
0 ife>0
between —1 and 1 - 1 0
:_@é [0S @) | si}@(oo)]ﬁg/“” jcoé(O)— j si«é(O)]

Note if 6 <0 = e ™=

if >0 OR Re(s) >0 — Solution doesn't exist

1
S
1
> L[1]=_ Re) >0



Example Let X (t)=e “u(t)

L eu()] j—m

—(a+o+ ] ol x

€

(a+S) O

0 if(ato)>0

e —(a+0)(©)
(a+S)

_ 1
(a+S)

) L[ eu(t)]=

€

—(a+ot

€

—ja)t

]i —(a+s )tdt _
0

(a+S)

between —1 and 1

N

[cos@(o0)— | sina(oo) |+

1

e

—(a +s)t

(a+S)

0

—(a+olt

c [cosat — ] sinai |

(a+s)

s

(a+S)

(a+S)

~20rcos@(0)— j sina(0)]

if Re(a+s)>0
OR Re(s) > —Re(a)



Region of Convergence

1]=0Lu() = Re(s) >0

I
S
Since S = o+ ] ,then S in general complex

jo
S domain
4

Pole (s =0)
Region of absolute

Convergence

(J @ — axis excluded)

a

Apole X  iswhere the Laplace Transform X(s)—




[ e«u)]=. L if  Re(a+s)>0
OR Re(s)> —Re(a)

A W (the line excluded
Re(s) = —Re(@))

A\




L[ 8t) ] = j S(t)e dt
0
Assuming the lower limit 1s 0~

L[ 5t) ] :T&(t)e“dt — e‘

t=0

=1

The value of S make no difference .

Region of Convergence




5-3 Some Laplace Transform Theorems

Theorem 1: Linearity

Let L Xl(t)] =X 1(3) L Xz(t)] =X 2(5)
Then L ax,(t) +aX,(t) | =a,X,(S) +a,X ,(S)

Proof

L] ax,(t) +axX,(t)] :j[ aiX(t) + a.X(t) }9_Stdt

0

=ja1X 1(t)e _Stdt +Ia2X 2(t)e _Stdt :alx 1(8) + azx z(S)

0



Example

L[ cosaf | =L| e/ 4 g0 | = 'Lei*] + Lle ]

Since L] e-u(t) ] :(O(—II-S)

Then jat ] — 1 —jot ] — 1
L Gars) M T g

_ L1 S
Ll cosaf | = 2(5+ ] @) " 26-]Jw,) Sty

wO
S*+wj

Similarly L] smaot | =



Theorem 2: Transform of Derivatives

L

Proof

Integrating by parts,

b

judv = uv

a

dx (t) |
dt

dx (t) |

dt

u _e—S'[

Il

=SX (S) —x(0)

dx (t)}e it

dv (t)=dx (t)
= du=-se” v(t)=x()

b
: - jvdu

a



iudv = uv‘b — ivdu

a a

u=e™ dvt)=dx () du=-se™ Vv(t)=x()

dxt) | Fldx()
L~ H }e dt

/"

= [e‘s(“’)x (0)—e "X (O‘)]Jr sSX(S) = sX (s)—x(0)

+ij(t)e dt

0

- dxﬁt) & sX (5) = x(0)



dxﬁt) & sX (5) = x(00)

d X (t) ) B _ax()
it < SX(S) dt -

d’X (t) _de(t) _ dx()
dt’ at | g
d"x(t) -1 B

dt”
gr2dX () _cnd x(t) o d"x®
dt | dt® | dt"




EXAMPLE 5-2

Consider the circuit shown

1H

|
— X ak L.
t=0
Q2

o () 4 0
di(r \ ! <
n a AW {0, (>0

e

Taking the Laplace transform of both sides starting at 1 = 0~

sl(s) —i0°) +2I(s) =0

4
Assuming that the circuit was in steady state for t < 0 ‘ i(07) = 5= 2

‘ I(s)(s +2)~2 =0 ‘ I(S):siz ‘ i (t)=2e U (t)
— o[

2




Theorem 3: Laplace Transform of an Integral

Then

WCEeTre

Proof see the book

L

y (0= j X (A)d A

t

j x(A)d A

—00

t

0

—0Q0

Let  Y(t)= j X (A)d A

—00

X (8)

L Y(0)




EXAMPLE 5-3

1 i 3O Ri(f) + 1 f | i(A) dr = x(1)

. dt C
) O ki i(0-) =0

vc(t):étji(ﬁ)d/i - vC(O)zéOji(;t)dz

)

x(1)

LsI(s) + RI(s) + I(s) n v (07)

sC S = Xis)

Solving for I(s) - sX(s) — v,(07)
) = L[s* + (R/L)s + 1/LC]




Theorem 4: Complex Frequency Shift (s-Shift) Theorem: The Laplace transform of
y(1) = x(ye™
Ls
Y(s) = X(s + a)
where X(s) = L[x(1)].

Proof see the book ( similar to the Fourier Transform Property)



L| cosapt | = Szia)z
0

ST «
(s + a)* + w;

Lle™“ cos wyt] =

a)O
S*+awj

L] sinat | =

Wy

Lle “ sin wyt] =
| = G ay + o



Theorem 2: Delay Theorem
L[x (t—tot —to)] =e "X (@E) t,>0

o0

Proof L{x(t-tou-t) | = [ x(t-toe dt

Let t=t—t = dt=dt Lo dy—
t : 0> oo

Lttt ] = [x @™t =[x "dt=X ()™

0
Note u(t—t,) is necessary to give proper limit

t, > 0 (shift right) 1s necessary to give proper limit
since Laplace will not include the portion of
X({t—-tut—t,) fort<O0



Example 5-5 Let X, (t) be the square wave beginning at t =1,
Xg ()

1

T, T, T, |,
| 2 2

Xoq()=U() — m(t—g’j + 2UE-T,) — -

L{qu(t)}:LU(t) — QU(t —Tz(’)j + 2u(t-T,) —

LX) =Liutt)| - 2L u (t —sz L uETy -




qu(t) X @)=u) — m(t—gj +2t-T,) —---
1
-1
3To
E T2 T, > |

L[, ®)=Lu@)| - 2L u(t —T2°j

SRR

T ~T, ]
52 e ES
e 21 .
sh °
L{qu(t)}_sl _ 2e 2; + 2e_ST Sl_
sh .
:sl{ -2 * +2 "~ }

+2LUE-T,)] — -



X, (T
a(t) KaO)=U(t) - m(t—g’j FET,) -
1
T, T, [ |, g
1 2 2
5T
L{xsq(t)}:l{ -2 % +2 - }
S
Since 1+1X=1—x +X =X’ x| <1
_sTo _sTo
e +293T°—---:2{ -2 2 +27 "= }—1
1—2e‘2+2e_5m— =2 L | =] 2 |4
) 1o
1+e 1+e 2




X, (T

a(t) KaO)=U(t) - m(t—Tz‘)j FET,) -
1
T, [, [T | 1
1 ) 2

T . a2
L{qu(t)}zl 1— Qe 2 + 26 T J — Sl 2 - —1 = Sll e o
> 1+e 2 1+e >




Theorem 6: Convolution

Given two signals , X,(t) and X,(t) , which are zero for t <0

y(t) 2 x,E)x,E) = Txl(ﬂ)xz(t _Ad A

—00

Since X,(t)=0 for t<0 = x,1)=0 for A<0

Since X,t)=0 for t<0 = X,{t-4)=0 for t-4<0

= X,t-4)=0 for t<A OR A>t

= y(t) = x,0)*x,t)= Txl(l)xz(t —Ad A = tjxl(/i)xz(t -Ad A

) 0

Theorem L[Xl(t)*x 2@)] = X,(8)X,(8)



L[xl(t)*xz(t)] = X,(5)X,(3)

X,t—4)=0 for A >t

Proof

L[xl(t)*xz(t)] =L

L 0

Let n=t—-A4 = dt=dp

L[Xl(t)*xz(t)] :T X,(A)

=[x [ xdre ™

i

0

=T j X (At —2)d A

_ ) _
1(1)X 2(t —ﬂ)d A %X 1(/1)X 2(t —ﬂ)d A

o0

0

e 'dt = j X,(A) j X,(t—A)d A e ~dt

t=np+1 = e =e

j X,(t—A)d A e ~dt

o0

0

—S(n+A) -1, —SA

=€ €

e 'd A



o0 e

LI xit)xa(t) |= j X,(A) j X,(17)d ne‘s”—e‘”dﬁ

0 0

o0

- j X, ()X ,(5)e~"d A

0

X6 X(2B 72 =X EX ()

‘ L|:X1(t)*X2(t):|:XI(S)Xz(S)

Region of Convergence Rxl*xz — Rx1 a sz



Theorem 7: Product

C+joo

[ l(t)xz(t) =21J' X (s=2)X ,(z )z ——Xl(t)*Xz(t)

C—]Joo

Proof Not shown



Theorem 8: Initial Value Theorem (1. x(0) )

(I) x(t) 1s continues att=0

lim sX (5) = x(0)=x(0")

S—> ©

Some times , we need x(0) ( x(0) or x(0") ), however what we have
is X(s) . This theorem let you find x(0) (initial value) without finding x(t)

Proof

L_d)ét(t) j [dx (t)}e“dt _ 5X () =X (0)




dt

L xO | _ j [dx (t)}e“dt = sX (5) —X (0)

Now taking the limitas S — oo for both sides ,

S—0 dt S—>0

0 -

lim [ | & (t)}e“dt = lim [sX (5) X (0')

lim{cﬁg)}e “dt = = lim sX () — limx (0")
0

J‘{d)éf[)}(s%eﬁ)dt = lim sX () —x(0)

S—0o0
0



T {d’ét(t)}@ge“)dt ~ lim sX (5) =X (0")

0

T {dx (t)}(O)dt = lmm sX (s) —x(0")

0= lmsX(S)—X(0)

mm) lim sX () =x(0') =x(0') =x(0) from continuity



(II) x(t) 1s discontinues att=0,

X (t)
o1
; -t
—~ o)
d)éf[) containe an impulse [X (07)—x (07) ]5(t)

then,  lim sX (5) =x(0")

S—0



o Y gy xO)x00) 150

0

—~—" o

T {d)ét(t)}e“dt — sX (5) =X (0°)

. ldx )
lm | 1 g

0 -

}e “dt = lim sX (5) =X (0")

+ X (0 )=x (0 ]5(t)]e it

Left side 11m [ |

S —0
0

_edt + lim[x (0 )—x (0 ) ]Té(t)e “dt

S —0



%Y x| )% 160

—~—" o

Left side

13.
]:.

x(0+)—>%0/) = liIB sX (5) —xA0")
‘ lim sX () =x(0")

~(lime™dt + lim[x (0 )-x(0 ) | j S(t)e "dt

(Ot + Hm[x (0 )-x(0 ) (1) =x(0)-x(0)




Example 5-6



Theorem 9: Final Value Theorem

dx (t)
dt

If x(t) and are Laplace Transformble

then,
limx (t) = lim sX (s)

t—0 s—>0

Provided that lim X (t) exists or SX(S) has no poles

{ oo

on the jw axis or in the Right Half Plane

Proof: Not shown



Example 5-7



Theorem 10: Scaling

If X(t) < X ()

Then x(@) a>0 < LX (Sj
a d

Note a> 0 because , if a <0, then X(at) will be reflected on the negative
Part which Laplace Transform ignore



Example

Let x(t)=e*ut) mmp LxO]= (1+S)

Now x(3t)=e~'u(3t)=eu(t)

—(3+s)t

e-u() | :J‘ :j e S)tdt__(3+s) :(3—I—S)
1

I D D
X@) = X (3j 3(”Sj (1+5)

3




5.4 Inversion of Rational Function ( Inverse Laplace Transform)

Let Y(s) be Laplace Transform of some function y(t) .
We want to find y(t) without using the inversion formula .

We want to find y(t) using the Laplace Transform known table
and properties

Objective : Put Y(S) in a form or a sum of forms that we know it 1s
in the Laplace Transform Table

Y(s) in general 1s a ratio of two polynomials ‘ Rational Function

S2-25
253—552+35+2

Example Y (S) =



When the degree of the numerator of rational function 1s less the
Degree of the dominator

‘ Proper Rational Function

Highest Degree is 2

S2—2S

Example Y (5) =5, "3 5

Highest Degree is 3



Examples of proper rational Functions

1

Y .(S) T 1]

_ 252465+6
() (S+2)(52+252+2)

Examples of not proper rational Functions

S+2
Y ,(S) Tt

However we can obtain a proper rational Function through long division

S+2 |
< 14 *
") S +1 1 S +1



We will discuss different techniques of factoring Y(S) into simple
known forms

Example 5-9 Simple Factors

10

Let ¥ 68) =(s2125042)

If we check the Table , we see there 1s no form similar to Y(S)

However 1f we expand Y(S) in partial fractions:

10 _ A _ B
(S24+2524+2) (S+2) (S+8)
A and B Are available on the Table

(S+2) (S+8)
Next we develop Techniques of finding A and B



Techniques for Partial Fraction Expansion

(1) Common Denominator

10 _ 10 _ A 5
(O m0s+16) “s+26+8) 6+ T 5+9

_AGE+8)+B(5+2)
) Y (S)_(52+105 +16) (5 +2)(S +8)

M) 10=AG+8)+B(5+2) =(A+B)s+(8A+2B)

Solve
S

A+B =0 _
— A

and B=->
8A +2B =10 3




Y (5)= 10 _5/3 _ 5/3
(s2+10s+16) (s+2) (S+8)

5 2t 5 -8t — 5 =2t —8t
‘ y(t)=3e u(t)—3e u(t) —3(e — ju(t)



(2) Substituting Specific values of S

Y (5) = 10 _ 10 _ A N B
(s2+10s+16) (s+2)(s+8) (s+2) (s+8)
Solve
10 _A _B _
10 A B 5
— N, b _ B-_°
S=2 = (4)(10) ~ 4 +10:>5A+2B 5 3




(3) Heavisdie’s Expansion Theorem

- 10 B 10 _ A B
6= (52+10s+16)  (S+2)(S+8)  (5+2) . (5+3)

Multiply both side by (S+2) and set S = -2

T (542) X(S//Z) G +8) A(s+2)

s =-2 s =-2

.10
(542)(s+8)

10, B(=2+2)
) 248" A (Ca8)

_
A=3



10 o _ A 5
Y (5) = (52+105+16) ~ (5+2)(S+8)  (5+2) + (S +8)

Multiply both side by (S+8) and set S = —8

10 A

N B
(S+2)(S48) (s +2)

.y (548

X(8+8) ——X(S+8)

X(S4

s =-8 s =-8

0 _
adE T

10
= " e




Example 5-10 ( Imaginary Roots)

(1552+25s+20) _  (158°+255+20)
(241524105 +16)  (S+1)E—])E+2)(S+8)

A, A, A, A,
“6+) =) +2) (5+8)

LetY ()=

Using Heavisdie’s Expansions, by multiplying the left hand side and
Right hand side by the factors

(5+1),6=1),(+2),(5+8)

and substitute S =—j , S = j ,S=—2,5=-8 respectively

We obtain A1=;(1+j), Azzé(l_j)a A,=1,A,=-2



From Table

e ut) edu()

Y (5)2(1/2)(1+j)+(1/2)(l—j)_I_ 1/: o /
S+j)  G-j) (+2) (5+8)

(l/ 2)(l+ J ) and (1/ 2)(1_J ) Can be inverted in two methods:

(5+1) (5-1)

U2)A+)) = 1/2)1+j) e tu(t)
(5+])

I2(1-1) = (1/2)(1-]) e'u(t)
=)




combine

U2)A+)) = 1/2)1+j) e tu(t)
(5+])

172011 = (1/2)(1-j) e'u(t
ool (172)(1-]) e*u(t)

1/2)1+j)  A/2)1-j) Loy e Lo iyal
cii) 6o :>2(1+J)e U(t)+2(1 J)e’u(t)
i o |
_2(e +€ )u(t)+2(e e’ ()

) N 1 jt _a-it
_2(e +e )u(t)+2j e’—e ()

=cos(t) u(t)+simn() u(t)



o U] . U]
s+i) ™ o)

Can be combined as

/2)1+]) | U/2)1-])
s+]) G-1)

_(U2)(1+ )~ )+ +])
G+DE-1)

S 1 .
_ 852++11 = T,y = cost) u)+sint) ut)




cost) u+sin®) ut) eut) e-u(t)

¢ (6)=1/20+D)  1/D(A-]) 1/_' 2/
(S+]) 5—j) (5+2) (s+8)

y (t)=cos(t) u(t)+sin(t) u(t)+e2ut)+e*u)

y (t)z(cos(t) +sin(t) +e*+e™ ju t)



Repeated Linear Factor

P(s) 10s

If Y (S)= example Y (5)=

(S +a)'Q(S) (5+2)°(s+8)
Then 1ts partial fraction
A A A A R(S)
Y (S)= "1+ "2 + 2 4 ... S0 4 )
) S+a) (s+a) (G+a)’ s+a)" Q)
Were e
A 1 d

[(s ra)Y (s)}

m—(n_m)! ds" ™ S=—q



Example 5-11 Repeated Linear Factor

10s

Let Y (5)=

(S+2)°(s+8)

A, B

Then Y (S)=

1 d*?”

T (2-1)! g5

_<s/2>2

10(s +8)—10s

(S +8)’

S=—

(S+2)(s+2) (5 +8)

10s _

(542) (5+8) |5,

(—2+8)°

10(—2+8)-10(-2)

d 10s

ds | 5+8)
00"
36




/’ /”

Y 6= 1" (s+2) * 618

1 d@? ) 10s | 10s
2 7 s (S 2) 2 B
2-2)! ds®? | % (542) (5+8) 5+8)

- 10(-2) | 20 10

(-2+8) 6 3




0

///

Y (5)=

(S +2)" s +2) (s +8)

To find B , we use Heaviside

(S+§X(S+21)Ois+/8) (S+2) X(s 4 P ;) X(S?/; +
o e
f (3)2290{‘ 5497642 a2y }
y (t):290 PR —;te }u t)

8)

(20/9)

(S+8)

=8



Example 5-12 Repeated Linear Factor

10s

Let Y (S ) — Can be found using Heaviside’s expansion

(S +2)3(S +8) / /

A,
Then ¥ (S)_(S+2) (5+2)° +(s+2) +(S+8)

B=(s+8) Y (5)

=8 oy A,=5+2) Y (S)S:_2 ==

B 1 d (3-2) 3 _ d 10s 20
(3-2)!ds”? [(Hz) ! (S)} ds [ G+ |, "9

S:_2 | 1S=—




20 20 10 10

27 9 3 27
/ /o7 /7
A, . A, , B

(S+2) 5+2)° (s+2) (5+8)

A, Can be found using Heaviside differentiation techniques

Y (S)=

1 d*” ; 1d® | 10s
= gee |V O | =t s
(3-D!ds s=2 2ds” | 5+8) | _
[ 160" _ 20
2| (5+8) L 27

B 1 L2001 10
Y(S)_27_(5+8) (S+2)_ 9 (5+2) 3 (s+2)

=y (t)= ;(e—& —e‘th—jt [t—ﬂe” u(t)




Example 5-13 Complex Conjugate Factors

y 252465+6  252+65+6
(5)= (5+2)(52+25+2) (S +2){(s +1)° +1}
252465 +6

T+ +H+j)E+1-])

A, A,

Using Heaviside Expansion

Y (S)=

)= (s+2) (S+1+j) (s+1-])
Wecan find A, AL A,
However it 1s easier to keep both of the complex-conjugate factors

together
y (s)_ Bs+C
S +2 S24254+2




A A, A

L e T W DA R

However it 1s easier to keep both of the complex-conjugate factors
together
A N Bs+C

Y (S):S +2  S2425+2

This allows the inverse Laplace Transform to be found easily with
the help of pairs

t'e™u) |
n! S+ao)™
e “cos(at))u(t) < St+a
(@bu®) < 1%
a)O
S+ay+ay

e“sim(at)ult) <



1

/

A Bs+C
Y (S)_s+2 S2+425+2

A Can be found using Heaviside

_252465+6
=2 5242542

A=E+2)Y (5)

S =-2

B and C can be found using substitution of s or the common denominator

s=20 :>Y(O)—A + BO+C :'§+%

0+2  0°+2(0)+2

— C=2Y (0)-A =20 _,
(4)



1
Y (5) = 252+65 +6 | N Bs+2

(S+2)(S2+2s +2) T S+2 | S2425+2

To find B, we multiply both sides of Y(S) by S and let s — o

lims 252465 +6 “lim S 4 Bs2+2s
soo (SH+2)(S2+254+2) sooS+2  S2+2542

lim 2534652465 —1lim S + im BS2+2s
s50(S7+4524+65+4) s50S+2 s S2H2542

lim 2+6(1/5)+6(1/52) —lim 1 + im B +2(1/s)
s (14+4(1/5)+6(1/52)+(4/5%)) soul+(2/S)  s—o 14+(2/5)+(2/52)
2+6(0)+6(0) 1 B +2(0)

(1+4(0)+6(0)+(0) “1+(0) " 1+(0)+(0)

2_1, B —
‘= + - EEEp B=I




Y (5) = 252+65 +6 | N Bs+2

(S+2)(S2+2s +2) T S+2 | S2425+2

We also can find B by selecting any value of S

2)°+6()+6 1 . BM+2
(D+2)((D)*+2M)+2)  D+2 )’ +2()+2

14 1 B+2
) 15 37 5
- 14 =5+ 3B +6

Y (1) =



252+6S +6 1 S+2

re)= (S+2)(S2+2s+2) T 542 5242542

] S+2 -1 S+D+]

S+2  (s+1)*+1 - S+2 (s+1)* +1

N S CE S | N

S SH2 0 41+l (S+1)7+1

=Yy {t)=eut)+e*costut)+e sintu(t)
=Y (t):[e “'+e"cos(t)+e " sin(t )}u (t)



