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Chapter 2: System Modeling and Analysis in Time domain

Consider The following Input/Output relations
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We can think or consider 1(t) as the input or excitation which 1s
usually known

We can think of V(t), V(t), V| (t) as the output or response



In general we can represent the simple relation between
the input and output as:

x(t) y(t)
Input H[ ] Output Y(t) - H[ X(t) ]

Were H| | is an operator that map the function x(t) to
another function y(t) .( Function to Function mapping)
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Example

d
Let the operator H[ ]=—] ] ‘ Differential Operator
dt

Let the input x(t) = 2sin(4mt) then the output y(t) be

y(t)=H[x(t)] = i[Zsin(47zt )]=8cos(4rxt)

Function 2sin(4rt) jlgp_‘ma ed > Function 8cos(4mt)




x(t) y(t)
Input H[ ] Output

Output Function space

Note operator map function x(t) to another function y(t)

In comparison to functions , it maps Domain (numbers)
to Range (domain)
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The operator or relation H can be defined as
- Linear / Non linear

- Time Invariant / Time Variant

- Continuous-Time / Discrete-Time

- Causal / Non Causal



From Chapter 1, we have
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This property is known as ‘“convolution” (s &Y «lall )
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X (0)5, (t)A X (A)S, (t —A)A
X (—A)S, (t +A)A

X{t)=X(t)= ix(kA)&A(t —KA)A

k =—o0
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x<t>~x<t>=ix<tk>(&<t ~t,)A

Now as A— 0 we have the following

lim g, (t) = 5(t)
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This integral is called the convolution (¢ 1Y) <&l ) integral
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x(t)—lAm% X (t, )0, -t )A =jx(t)5(t—r)dr =X (t)*o(t)

kK =—0
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Another proof for j X (Aot -A)d A= x(t)
Xt)ot —A)=x(A)o(t —A) Sifting properties

_[x (DSt -A)d A = jx St —A)d A
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Linear —Time Invariant

*®) H[xv] =y ®
S(t) H
Hlsm)] =ht)

Impulse response

ot = 4) H[st-2)] =ht -2y

Shifted Impulse Input
Shifted Impulse Response

X ()5t ~2) Hlx)st-2)]
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—00



Linear —Time Invariant

H
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Convolution Integral
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y(t)=H

Operator with respect to 1
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= j H[x (1ot - 2)]d A

constant with respect to

Integration with respect to A
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Example 2-7 r
Evaluate _[ hX (t = A)d A
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Sep 1 : make the functions or signals in terms of the variable A
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Sep 2 : make the moving function in terms of —A
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For t <4 thereis no overlapping between the functions

— jh(/l)x(t—/’t)d/lzo
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For t > 10
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For ¢ = 10 there is no overlapping between the functions
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Time Interval

x(t) - h(t-t) Output
t< -1 o Y1) =0
t+1 N
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2.6 Superposition Integral “convolution” in terms of step response

st)— H

Now if the input is a step function,

— ht) =H[st)]

Impulse response

H

—2® =H[s)]

u(t):j5(t')dt' —

step response

at) =H[j5(t')dt'] :IH[é(t')]dt':Ih(t')dt'

step response



Now if the input is x(t) ,

X (t) —> H —> Y (t)=x(t)*h(t)

=jx(/1)h(t—/1)d/1

—00

:jh(i)x(t—ﬁ)dﬁ

The output in terms of the impulse response h(t)

Objective is to write y(t) in terms of the step response a(?)



Now if the input is x(t) ,

(o —| o _,y(t):jh(/’t)x(t—}t)d/i
b b -
Integrating by parts , J‘udv =yv ‘b — jvdu

[et u=x(t-4) dv=h)dA

step response

Over dot denotes differentiation

— V()= jdv :jh(ﬂ)dﬂ =a(l)

du(d) _dxt-A)d-2) __dX(t—/I):_x-{t—z)
di  dt-4) di  dt-A4)
— du(l) =—X({t-2)dA




o — H = y(t):jh(;t)x(t—}t)d/i
b b -
Integrating by parts , J‘udv =Uuv ‘b — J‘VdV

Let U=x(t-4) dv=h()di V(2)=a(i)
du(A)=—X(t —2)d A

Now we can write y(t) in terms of the step response a(?)
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xt)—| H L y(t):jh(/l)x(t—/l)d/l

y ) =a(x - + I a(A)X (t — A)d 2

0 0 )
y(t):a(oo)X}}/—oo)—a( X (t +0) + Ia(l)x’ t—2)d A

—00
The system is initially unexcited a(—oo) —(0 and X (t — OO) =0
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— Y ()= _[a(/l)x'(t—z)d/z = _[X'(/l)a(t—/l)dﬂ
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— y () =X (1) *a(t)



xt)— H —  y()

y (t) = X (t ) * h (t) = j h (/?,)X (t — ﬂ,)d ﬂ/ In term of impulse response

o0

y (t) — X (t ) *x a(t) — j a(ﬂ,)x (t —_ /I)d /1 In term of step response
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Note X (t)*a(t) _dX(’[)>x< (t) _dX(t) J‘h(ﬁ)dﬂ
dt

— x(t)*—jh(/l)dxi _x(t)*h(t)



Impulse input 5('[ ) e H ) h (t ) Impulse response

t
step input U (t) = j ) (t ')d’[' a(t) step response

t
Ramp input r (t) — ju (t ')dt' b (t) Ramp response

Objective is the ramp response b(t)
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Now if x(t) is the ramp r(t) ==p X (T —A)=U(t -A1)
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Impulse input 5(":) —p

Step input

Ramp input

H

— h(t)

u(t):ja(t')dt'

r(t):ju(t')dt'

a(t):jh(/l)d/z

b(t):J‘a(/l)d/’t



