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Ordinary Differential Equations
Taylor Series Method

Ordinary Differential Equations
Taylor Series Method to solve ODE
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Ordinary Differential EquationsOrdinary Differential Equations
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Differential Equations involves one or more derivatives of 
unknown functions

A solution to a differential equations is a function that 
satisfies the equations.
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Ordinary Differential EquationsOrdinary Differential Equations
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Uniqueness of a solutionUniqueness of a solution
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In order to uniquely specify a solution to an n th
order  differential equation we need n initial 
conditions.
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Taylor Series MethodTaylor Series Method
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ExampleExample
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ExampleExample
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ExampleExample
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Euler MethodEuler Method
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Types of Errors
Types of Errors:

Local truncation error:
error due to the use of truncated Taylor 
series to compute x(t+h). 
Round off error:
error due to finite number of bits used in 
representation of numbers. This error could 
be accumulated and magnified in 
succeeding steps.
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Example 2Example 2
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Example 2Example 2
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Lecture 29
Modified Euler Methods

Review Euler Method
Heun’s Method

Midpoint method
Runge-Kutta method
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Figure 25.3
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Error Analysis for Euler’s Method/
•Numerical solutions of ODEs involves two types of 

error:
–Truncation error

•Local truncation error

•Propagated truncation error

–The sum of the two is the total or global truncation error
–Round-off errors
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•The Taylor series provides a means of 
quantifying the error in Euler’s method. 

However;
–The Taylor series provides only an estimate of the 

local truncation error-that is, the error created 
during a single step of the method.

–In actual problems, the functions are more 
complicated than simple polynomials. 

Consequently, the derivatives needed to evaluate 
the Taylor series expansion would not always be 

easy to obtain.
•In conclusion,

–the error can be reduced by reducing the step size
–If the solution to the differential equation is linear, 
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Figure 25.4
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Improvements of Euler’s method

•A fundamental source of error in Euler’s 
method is that the derivative at the beginning 
of the interval is assumed to apply across the 

entire interval.
•Two simple modifications are available to 

circumvent this shortcoming:
–Heun’s Method
–The Midpoint (or Improved Polygon) Method
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Outlines
Euler Method
Heun’s Predictor Corrector
Midpoint method
Comparison
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Euler MethodEuler Method
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HeunHeun’’ss Predictor Corrector MethodPredictor Corrector Method
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Figure 25.9
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Midpoint MethodMidpoint Method

) Error Truncation Global

) Error Truncation Local
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Figure 25.12
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Lecture 28. 
Runge-Kutta Methods

28. Runge-Kutta Methods
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Runge-Kutta Methods
These techniques were developed around 
1900 by the German mathematicians C. 
Runge and M.W. Kutta.
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Runge-Kutta Methods (RK)
Runge-Kutta methods achieve the accuracy of a Taylor 
series approach without requiring the calculation of higher 
derivatives.
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k’s are recurrence functions. Because each k is a functional evaluation, this 
recurrence makes RK methods efficient for computer calculations.
Various types of  RK methods can be devised by employing different 
number of terms in the increment function as specified by n.
First order RK method with n=1 is in fact Euler’s method.
Once n is chosen, values of a’s, p’s, and q’s are evaluated by setting 
general equation equal to terms in a Taylor series expansion.
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Values of a1, a2, p1, and q11 are evaluated by setting the 
second order equation to Taylor series expansion to the 
second order term. Three equations to evaluate four 
unknowns constants are derived.
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three.
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Because we can choose an infinite number of values for a2, 
there are an infinite number of second-order RK methods.
Every version would yield exactly the same results if the 
solution to ODE were quadratic, linear, or a constant.
However, they yield different results if the solution is more 
complicated (typically the case).
Three of the most commonly used methods are:

Huen Method with a Single Corrector (a2=1/2)
The Midpoint Method (a2=1)
Raltson’s Method (a2=2/3)
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Lecture 
Taylor Series in Two 

Variables
The Taylor Series discussed in Chapter 4 

is extended to the 2-independent 
variable case.

This is used to prove RK formula
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Taylor Series in One VariableTaylor Series in One Variable
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Taylor Series in One VariableTaylor Series in One Variable
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DefinitionsDefinitions
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Taylor Series in Two VariablesTaylor Series in Two Variables
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Taylor Series Expansion Taylor Series Expansion 
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Runge-Kutta Method
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Runge-Kutta Method
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Runge-Kutta Method
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Runge-Kutta Method
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Runge-Kutta Method
Alternative Formula
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Runge-Kutta Method
Alternative Formula
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Runge-Kutta Method
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Second order Runge-Kutta Method 
Example
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Second order Runge-Kutta Method 
Example
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Runge-Kutta Method
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Example
4-order Runge-Kutta Method
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Example
4-order Runge-Kutta Method
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Figure 25.14
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High Order ODE

High order ODE
Systems of High order ODE
Procedure
Examples
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High Order ODE
Methods discussed earlier such as Euler 
,Runge-Kutta,…are used for first order 
ordinary differential equations
How do solve second order, or higher 
ODE?
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The approach:    Convert the high order 
differential equation into a system of first order 
Differential equation

),()( XtFtX =&
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Example of converting  High order 
ODE to first order ODEs
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Example of converting  High order 
ODE to first order ODEs
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Example of converting  High order 
ODE to first order ODEs
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Example of converting  High order 
ODE to first order ODEs
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Example of converting  High order 
ODE to first order ODEs

yz
yz
xz
xz
xz

yyxxx
xxyy

yxxx

&

&&

&

&&&&

&&&

&&&&&&

=
=
=
=
=

−=====
=++

=+++

5

4

3

2

1

 variableofset  new aSelect  1.
3)0(;1)0(;9)0(;2)0(;4)0(

22
0825

Convert

One degree less 
than the highest 
order derivative

One degree less 
than the highest 
order derivative



SE301_Topic 8 (c)Al-Amer 2006 60

Example of converting  High order 
ODE to first order ODEs
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Solution of a second order ODE
Solve the equation using Euler method. Use h=0.1
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Solution of a second order ODE
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Systems of Equations
Many practical problems in engineering and science require the solution of a 
system of simultaneous ordinary differential equations rather than a single 
equation:

Solution requires that n initial conditions be known at the starting value of x.
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SE301:Numerical Methods

29. Adam-Moulton Multi-step 
Predictor-Corrector Methods
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Multi-step Method 
Single Step Methods

Euler, Runge-Kutta are single step methods
Information about x(t) is used to estimate 
x(t+h)

Multistep Methods
Adam-Moulton method is a multi-step method
To estimate x(t+h) information about x(t),x(t-
h), x(t-2h)… are used 
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Heun’s Predictor Corrector method 

Original Heun’s predictor corrector 
method is not a multi-step method, 
but the non-self starting method is a 

multi-step method
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Multistep Methods
The Non-Self-Starting Heun Method/

Huen method uses Euler’s method as a predictor and 
trapezoidal rule as a corrector.
Predictor is the weak link in the method because it has the 
greatest error, O(h2).
One way to improve Heun’s method is to develop a predictor 
that has a local error of O(h3).
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Figure 26.4
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Error Analysis
Both the predictor and corrector local 
error are of order O(h3)
Error estimate for the corrector:
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Step-Size Control/
Constant Step Size. 

A value for h must be chosen prior to computation.
It must be small enough to yield a sufficiently small truncation error.
It should also be as large as possible to minimize run time cost and 
round-off error.

Variable Step Size.
If the corrector error is greater than some specified error, the step size is 
decreased.
A step size is chosen so that the convergence criterion of the corrector 
is satisfied in two iterations.
A more efficient strategy is to increase and decrease by doubling and 
halving the step size.



SE301_Topic 8 (c)Al-Amer 2006 71

Integration Formulas/
Newton-Cotes Formulas.

Open Formulas.

Closed Formulas.
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Adams Formulas (Adams-Bashforth).
Open Formulas.
The Adams formulas can be derived in a variety of ways. One 
way is to write a forward Taylor series expansion around xi. A  
second order open Adams formula:

Closed Formulas.
A backward Taylor series around xi+1 can be written:

)(
12
5

2
1

2
3 43

11 hOfhffhyy iiiii +′′+⎟
⎠
⎞

⎜
⎝
⎛ −+= −+

)( 1
1

0
11

+
−

=
−++ ++= ∑ n

n

k
kikii hOfhyy β

Listed in Table 26.2



SE301_Topic 8 (c)Al-Amer 2006 73

Figures 26.7
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Higher-Order multistep Methods/
Milne’s Method.
Uses the three point Newton-Cotes open formula as a 
predictor and three point Newton-Cotes closed 
formula as a corrector.

Fourth-Order Adams Method.
Based on the Adams integration formulas. Uses the 
fourth-order Adams-Bashforth formula as the 
predictor and fourth-order Adams-Moulton formula 
as the corrector.
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Predictor-Corrector
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4-Step Adams-Moulton  Predictor-Corrector
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4-Step Adams-Moulton  Predictor-Corrector
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Example  
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Example  
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Example  
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# of steps
at each iteration one prediction step is 
done and as many correction steps as 
needed.
Usually few corrections steps are done (1 
to 3) 
It is usually better ( in terms of accuracy) 
to use smaller steps size than corrections 
beyond few steps.  
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SE301:Numerical Methods

31. Finite Difference methods for 
solving Boundary Value problems
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Outlines 
Boundary Value Problem 
Shooting Method
Finite Difference Method
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Boundary-Value and 
Initial value Problems
Boundary-Value Problems

The auxiliary conditions 
are not at one point of 
time
More difficult to solve 
than initial value 
problem
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Solution of Boundary-Value Problems
Shooting method

Methods for Boundary-Value Problems

1.  Shooting method:
Guess a values for The auxiliary conditions at one point 
of time
Solve the initial value problem using Euler,Runge-Kutta, 
…
Check if the boundary conditions is satisfied otherwise 
modify the guess and resolve the problem.

Use interpolation in updating the guess
It is an iterative procedure and can be efficient in solving 
the BVP
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Shooting method
Example
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Shooting method
Example

Example

5.0)2(,1)0(
2 2
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xx
exxx t&&& Second guess

x(0)=1
x’(0)=0

first guess
x(0)=1
x’(0)=1

0.829

0.559

0.500

0                                       2       t

Using linear 
interpolation of 
first and second 
guesses

x’(0)=-0.2214

third guess
x(0)=1

x’(0)=-0.2214
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Solution of Boundary-Value Problems
Finite Difference Method

Methods for Boundary-Value Problems

2. Finite Difference Method :
Divide the interval into n intervals
The solution of the BVP is converted to the problem of 
determining the value of function at the base points. 
Use finite approximations to replace the derivatives
This approximation results in a set of algebraic 
equations. 
Solve the equations to obtain the solution of the BVP
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Finite Difference Method
Example
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Finite Difference Method
Example
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Second Order BVP
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Second Order BVP
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Second Order BVP
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Second Order BVP
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Solution of Boundary-Value Problems
Finite Difference Method

Finite Difference Method :
Other formulas can be used for approximating the 
derivatives
For some linear cases this reduces to tri-diagonal 
system. 


