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Abstract— Tagged user analysis (TUA) is a generic ap- of different performance measures are discussed in sec-
proximate method of analyzing multiaccess protocols that  tjon V. Finally, simulation results in section VI show the
decouples channel contention behavior from user queueing validity of the analysis.
behavior. This technique allows the use of classical queue-

ing theory results to be directly applicable to the analysis . SYSTEM MODEL
of buffered random access methods. In this paper, we ) )
analyze a finite-users finite-buffer CSMA system operating We consider a homogenous centralized slotted non-

over a Rayleigh channel. We also consider some simulation persistent CSMA system with finite user populatidh
examples which validate our analysis. It is seen that though  and a finite buffer sizel, for each user, operating in
TUA is an approximate technique, it estimates the system 5 g6y fading uncorrelated Rayleigh channel. Packet
performance quite well. . .
generation for each user is assumed to occur at the end

of a slot with probability\. We assume an FCFS queue
discipline with packet blocking and late arrival model

Performance analysis of finite-users finite-buffer mul-with delayed replacement. Employing a DFT principle,
tiaccess systems has traditionally been a difficult proba busy user senses the channel at the start of each
lem; the exact mathematical analysis using markov modslot with probability p: if the channel is sensed idle, it
els is too complex to be useful [1], [2]. Though each userstarts its transmission which také&sslots to complete,
is in itself a queueing system, queueing analysis cannattherwise it backs off and senses the channel again in
be applied to the problem due to dependance amongsihe next slot with the same probability. After the
users arising from the shared channel [3]. There haveacket is transmitted successfully, the user receives the
been a few attempts to approximately solve the probacknowledgement immediately and deletes the packet
lem exploiting the redundant information in the systemfrom its head of queue. No acknowledgement from the
[4]-[6]. Common assumptions employed are channeleceiver at the end of transmission implies unsuccessful
symmetry and existence of an equilibrium state for allattempt and the user retransmits in the next idle slot.
users [3], [7], [8]. Unfortunately, most of the available  Assuming a sufficiently high signal to noise ratio, and
techniques are either too involved or limited in scope,hence ignoring the thermal noise effects, a transmission
since they do not decouple the multiaccess behaviofrom a particular user is successful (it captures the
from queueing behavior. Tagged user analysis (TUA) ischannel) [11], if
a unified technique that can be applied for the analysis of
any random multiaccess system [9], [10]; the technique
assumes symmetry and equilibrium conditions and useghere P, and P, = 22:1 P, denote the received
queueing analysis to solve the system. The foregoingower of the concerned user and that of interference,
assumptions allow de-coupling of channel contention berespectively;z, is the receiver capture ratio and is
havior and user queueing behavior, enabling one to solvehe slot duration. A slow fading process is assumed
the system for any queue discipline without complicatingsuch that the channel remains constant during the whole
the analysis; in fact the whole analysis simplifies to thetransmission period.
analysis of channel contention amongst the transmittingror simplicity we assume that acknowledgements are
users. Until now, it has been applied only to systemseceived error-free and channel sensing is instantaneous
operating in an ideal channel without capture [10]. Inand unaffected by the fading process.
this paper we analyze a finite-users finite-buffer CSMA
system operating in a Rayleigh channel with capture. Ill. TAGGED USERANALYSIS

The paper is organized as follows. Section Il formu- For a homogeneous system, using channel symmetry
lates the system model followed by the TUA analysisassumption, all users would be operating at an equi-
in section lll. In section IV, we consider the effects of librium state with statistically equivalent behavior. $hi
fading channel on the protocol performance. Evaluatiorallows us to concentrate on one representative user—the

I. INTRODUCTION

P>z P, duringr, 1<i<N-1, 1)
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andp;y is the probability of channel being idle. Denoting
T by p,, the probability that a packet of the tagged user
will be transmitted successfully (as per (1)), the transfer
‘ function from S, to S, is given byp,zT.
PaCk Departure From Fig. 1, (virtual) packet service time is the time
Geo/G/1/K duration from the user’s entering, to exiting S..
Hence, the probability generating functid®(z) of the

packet service time is the transfer function fra#y to
(]— - pstz)z Se,

— Dstax psZT
1- (1 _pstw)z _pstw(l - ps)ZT '

tagged user—and analyze its behavior. Once we analyze From the state flow graph of tagged user in Fig. 1,
the tagged user, we have actually solved our multiaccesa! StatesS;, when the tagged user is about to start its
problem. transmission, it must be busy and would also have sensed

In TUA, the tagged user is modelled as a G/G/1/k the channel idle. Since at that time all other busy users
queueing system consisting of a queue andiraual in the system would also sense the channel idle we have

®3)

Fig. 1. State flow diagram of tagged user. B(Z)

server which is operating at its equilibrium state. A N-1 oy ‘ ‘
packet is said to be in the virtual server if the packet p, = )_ < _ >(ppb)l(1 —ppo)N " g, (4)
is ready for transmission (service) or being transmitted i=0 !

(served). Since the arrival process and queue disciplinghere we have used the statistical equilibrium assump-
are already known, we only neetttual packet service tion, and p, and p,; denote steady-state user busy
time distribution (VPST), which is influenced by the probability, and the conditional success probability that
interference from other busy users, to apply the standarghe tagged user transmission is successful givether
queueing ana|ySiS and obtain all relevant performanc%imu“aneous transmissionS, respective|y_
measures of the tagged user (equivalently the system) prom (2)—(4), we observe tha#(z) is a function of
[12]. It has been shown that VPST is a function of theyg unknownsp, and p;. To apply our TUA model,
busy probabilities of all users [9]. On the other hand,ye have to find a relationship between these two, since
from queueing theory we know that the busy probability queueing theory can provide us only with a functional
of each queueing system is a function of its service timerelationship betweenB(z) and p,. An approximate
distribution. In general, these functional relationstps  rejationship can be found using classical analysis of
non-linear, however they are sufficient and enable us tggpa [15]-[17]. When the system is in equilibrium
determine VPST and user busy probabilities which leadstate, the time durations in the system would consist
to the solution of the system. S of sequence of “cycles”; each cycle consists of an idle
The key step in TUA is to find the distribution of duration followed by a busy duration which corresponds
VPST for the tagged user (termed as channel contentiogither to successful transmission or collision. Given the

analysis). Once this is obtained, the queueing systerfagged user is busy, the mean length of the idle duration
of the tagged user is identified and the correspondingn each cycle is

results from the queueing theory can be applied to

solve for the system performance measures (termed as E(I) = (L=p)(1—ppy)™" ) (5)
queueing analysis). 1—(1—-p)(1—ppp)N!

Denoting bygq, the probability that the busy duration in
A. Contention Analysis a cycle corresponds to a successful packet transmission

. N from the tagged user, we obtain
To determine the distribution of VPST for the tagged

user, we use a state flow graph technique [13], [14], Gu = PDs T (6)

as illustrated in Fig. 1, wheréy, S;, Sy, and S, are 1=(1=p)(1—pp)

packet-ready state, transmission-start state, baclai#,st Denoting byp.:, the probability that, in a busy period,

and departure state of the tagged user, respectively. Ain-successful transmission would involve the tagged

the start of a new slot when a new packet arrives, owuser, we would get

when there is already a packet waiting for transmission p(1=ps)

in the queue, the user enters busy mode and the state Petu = T — V(1 _S ~ T @)

changes fromS, to Sy,. At Sy, the user will issue a (1=p)(1=pps)

transmission with probability,;, or defer for one more In each cycle, we note that the tagged user would

slot with probabilityl — p,;.,, wherep,;.. is given by sense the channel idle in each idle slot and in the first

slot of each busy duration, which may correspond later

Pste = PPI, (2) to a successful transmission or not. Hence, in each cycle
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the average number of possible slots in which the tagge€. An Iterative Algorithm

user would sense the channel idlefiéI) + 1. However, Since the equations relating, and B(z) are non-

in each cycle the average number of slots in which |inear, making it difficult to obtain closed-form solu-

the tagged user igble to sense the channel is given  tions, we have to use numerical methods. An iterative

by E(I) + 1+ (T' = 1)(1 — qu — petu). Therefore the  zigorithm to solve the equations can be developed as

probability that the channel is sensed idle by the taggegy|ows.

user given it senses channel is 1) Select a very small positive numbéy (say § =
E(I)+1 107%), and set an initial value far, between zero

= . (8
MBI T -0 = —pe) )
From (5)—(8), we observe th@(z), given by (3), is
solely a function of user busy probability, or quiva-
lently B(z) isonly a function of user idle probability po.

Now we need to use the queueing theory to find another

functional relationship betweepy, and B(z) to solve
our multiaccess problem.

B. Queueing Analysis

and one.
2) CalculateB(z) using (2)—(8) and (19).
3) Calculatepy ,0 < k < L using (9)—(14) to obtain
a new estimatey.
4) Calculatee = (po — po)/po-
a) If |e] < § thenp, and B(z) are obtained.
b) If ¢ > 4, let py = pp and go to step 2.
c) Else, letpy = pp + ¢, and go to step 2.
A finite buffer system may be either locally stable or

From (3), the queueing model of tagged user isglobally stable; a system is locally stable when it has two
identified as a Geo/G/1/K system. Using the queueingor more) operating points. On the other hand, globally
analysis, we can obtain another set of equations relastable system has only one operating point [3]. TUA
ing po and B(z). Corresponding results from [12] are can be used to learn about the stability of the system.

presented here.

If we let a5 the probability thatk packets arrive at

In the case of a locally stable system, different initial

values forpy will converge to different operating points.

the tagged user buffer during a packet service time, theiVhile, for the globally stable system, we would obtain

the corresponding probability generating function is

L—-1
A(z) =Y apz¥ = B(1- X+ )2), 9)
k=0

the same results for any initial guess.

IV. CHANNEL CONSIDERATIONS

The conditional packet success probabiity; in (4)
depends not only on the state of other users in the system

since at most. — 1 packets arrive in one service time. but also on channel and receiver characteristics. For a

Denoting byr;,i =0,1,..

following recursive algorithm [12]:

T =momy, 0<k<L-—1,
m =1, (10)
k
1
W§€+1=a—0<ﬂk—;7r}ak—j+1—ak>, 0<k<L-2

wheren},i =0,1,..

o = (Lzl @) B (11)

=0
Letting px,0 < k < L, the probability that there are

., L — 1, the probability that
a leaving packet sedspackets in queue, we have the

., L—1is an intermediate variable.
Using (10) and the total probability theorem, we obtain

slowly fading channel using (1)

Py
P,
1=1,..

psji = Pr[Py > 20P] = 1 — Pr[ < 20]

(15)

21—P1“[Zi<2:0]7 LN —1.

where Z; = P,/P;. Using independence aP; and P,
and simple transformation of random variables

Dsli :/Z dz/o fp, (zw) fp, (w)w dw

where fp,(p;) and fp,(p;) are the respective p.d.f.s
of the received power of the test packet (tagged user
transmission) and that of interference.

(16)

A. Sow Rayleigh Fading Case
Assuming all packets are received through uncorre-

packets present in the system at any slot boundary, wited Rayleigh channel with equal mean powey =

have
e
Pk = 5 0 S k S L — 1a
o+ p
. (12)
= 1 —_ 5
br o +p
where we define
b=B'(1), (13)
p=Ab. (14)

Top

Py,1 < k < N, the p.d.f. of the power okth received
signal, fp, (pr), will be exponentially distributed,

Pk]'

(i) = e[ -2 an

For non-coherent demodulation, the p.d.f. of joint in-
terference power ofi interferers is found byi-fold
convolution of (17) to be the gamma distribution

Fp.(p2) 1 (pi/Po) ! exp {, &}

TP (i—1) Py (18)
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N=100, L=5, T=11, Capture@4dB
T

Substituting (17) and (18) in (16), and carrying out the os ——
integration we obtain
0.7 7AY i

1 A A
—_— 19
(ZO + 1)Z ( ) el &

which is a well-known result [11], [18].

Psji =

o
@

V. PERFORMANCEMEASURES

System Throughput
o
kS

o
w

In a multiaccess network, we are interested in pa-
rameters such as channel throughput, user queue lengtt
packet response time, and wait time. Since we modelled **|
the system as a queueing system, these performanc | Markers: Smulaton Values
measures can be easily found using queueing theory

[12]. e = .
1) Packet Blocking Probability: An arriving packet Channel Sense Probabity
will be rejlected (blogked) if it finds thg buffer full, which Fig. 2. Channel throughput of a CSMA system operating in infad
occurs with probabilityp;,. Hence, using (12), channel:L =5, N = 100,T = 11
1 o N=100, L=5, T=11, Capture@4dB
pp=prL=1-— (20) 10 :

. ~&- N.A=0.065
mo + P Markers: Simulation Values A NA=0.075

Lines: TUA Results

2) Channel Throughput: The user throughpud is
defined as average number of successful transmission g}
per slot, i.e.,

0= \(1—pp)T, (21)

sinceA(1 —pp) is the average rate of packet acceptance
into a user buffer and’ is the packet transmission time.
Employing channel symmetry, the channel throughut

Packet Response Time (Total Delay]

is wl
O =N.J. (22)
3) Queue Length: If we let I, denote the number of o
packets in a user buffer, then using (12) we have o Channel Semme Probabity
L
Fig. 3. Packet response time of a CSMA system operating iniagad
E(I,) =) kpk, (23)  channel:L = 5,N = 100, T = 11
k=0

where we have used our assumption that all users ar®. CSMA in Rayleigh Fading

statistically equivalent at equilibrium point. The system considered here is with= 100, L = 5

4) Weiting Time and Response Time: The packet and 77 = 11. We assume a slowly fading Rayleigh
response timef, is the time that a packet stays in channel with receiver signal capture ratdB. Fig. 2—
the system from its arrival to departure. Using Little’s 4 show the simulation results for system throughput,

theorem B packet response time, and blocking probability plotted
E(t,) = % (24) against TUA analytical results foN.A = 0.065 and
A(1—pg) 0.075. The simulation was run foR200000 slots and

Similarly, the packet waiting time,, is the time elapsed the results were averaged over 8 runs. To investigate

from packet arrival to its being ready for transmission,the system stability, the experiment was carried out
which is with two different initial conditions for the user buffers.

B(ty) = E(1,) b (25) The empty symbols were obtained under an empty
YNl -pe) buffer initial condition while solid symbols denote the
V1. NUMERICAL RESULTS results obtained under a full buffer |n|t|'al condition. It
' is observed that the system becomes bistabléVior =
We consider two examples of TUA application. In the 0.065 for p > 0.02. Furthermore, the simulation results
first, we investigate the performance of a CSMA systemdo not match well with TUA analysis in this bistable
in a slow fading Rayleigh channel. Our second exampleegion. This is because that the system may oscillate
deals with an approximately optimal CSMA system in between the locally stable operating points; though TUA
terms of channel throughput, as described in [8]. gives the two operating points, it cannot account for
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N=10, T=40, Capture@4dB

N=100, L=5, T=11, Capture@4dB
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Fig. 4. Packet blocking probability of a CSMA system operatin Fig. 5. ‘ Packe_t response time of an approximately optimal CSMA
a fading channelL = 5, N = 100,7 = 11 system in a fading channelV = 10,7 = 40

N=10, T=40, Capture@4dB
T T

T
- -8 - -0 — @o-—§

the oscillations among them. Nevertheless, it gives the ’ st
bounds for system performance. =t -

B. A Near Optimal CSMA System
Here we consider a slightly modified form of a system  zf N e s
considered in [8] withN = 10 andT" = 40. In each ; Loae

slot, we letp = 1/n°, wheren® is the number of busy

users at the beginning of the slot. It is proved in [8] that
for a CSMA/CD system working in an ideal channel, | /+ |
this provides optimal system performance in terms of j
maximum channel throughout. However, our scenario j

0.5 !

Queue Length
-
o
>
|

differs from that of [8], in the sense that not only do i Lines: TUA Resuls

we assume a CSMA system but also a slowly fading Markers: Simulations

Rayleigh channel. % 005 o1 ot 02 025
Total Packet Generating Rate N.A

To apply TUA to this system, we note that when
the tagged user contends for the channel, there are, afig. 6. Average queue length of an approximately optimal CSMA
averagen® =1+ (N — 1)p, busy users in the system. system in a fading channeV = 10,T" = 40

Thus

p= 1 (26) assumption but also from the approximate technique
1+ (N —1py’ used in section llI-A to find a relationship betwegn

The numerical and simulation results are given in Fig. 521d71-

and 6 for a receiver capture ratio 4dB. As before the ACKNOWLEDGMENT
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