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New Optimization Criteria for MessageSwitching Networks
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Abstract-This paper presentsanewclass
of criteriafor the
optimum
capacity
assignment in
store-and-forward
commuiication networks under a total fixed-cost constraint. Compared
with conventional average-delay optimization these criteria are
more sensitive to the needs of the individual user. Closed-form
results are attained.

INTRODUCTION

T

HISPAPERDEALS
with the optilnization of a
store-and-forward(ormessage-switching)communication network. The location of the switching nodes and
complete traffic description-density, .origin, destination,
and routing of traffic-are known. The usualdistributions are assumed-exponential for both interarrival and
message-length distributions; I n addition, . the messagelengthindependenceassumption
of Kleinrock [l] is
made to permit mathematical tractability.' The analysis
to follow holds only for the steady state.
The usual design procedure as first given by Kleinrock
[l] is to minimize the average message delay,through
a prescribedcost.
This is a good
the networkgiven
approach but has the disadvantage that some individual
users may suffer very long delays. Here an approach is
suggested which provides better treatment for the
individualuser at only a moderateexpense to the globalsystemperformance
as measured by average message
delay.
The formerapproach, that of Kleinrock, is very fine
for the design of a telegraph network for which it was
initially intended, where the main concern may
well be
that of overallsystemperformance.
In the case of a
network for data transmission,wherein thedatamay
oftenbe used in an interactivefashion,it
would seem
appropriate to carefully examine the effect on the individualuser
of any overalloptimizationschemeand
further to see what can be done for the individual user
and at what expense. New criteriaareintroducedhere
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which arebettertailoredtothedata-network
problem
and are mathematically tractable as well.
Specifically, it will be shown that by minimizing the
appropriatelyweightedsum
of powers of the average
message delay in the various links, the variation in delay
from link to link can be substantially reduced. Furthermore, it will be shown that the variance of the message
delay (thedeviationfromthemeanseen
on a link)
can also be minimized. I n both cases the prescribed
total cost constraint is satisfied.
NOTATION
AND DEFINITIONS
A number of definitions are necessary before
proceeding.
The letter i denotes a particular line or link; 1 5 i 5 N .
Given :

xi
l/p;

r?.

Average of the Poisson trafficentering the ith
line (packets per second).
Averagepacketlengthforline
i (bitsper
packet).
Number of links used by amessageaveraged

over all messages.
tli
Costper unitcapacity of line i (dollarsper
bit per second per month).
pi
Average utilization of line i.
y
Average of totalcreated
traffic
(packets
per
second). This is thetotal flowof
messages
into the network.
D
Total cost(dollarspermonth).
T o be calculated:
Ci Capacity of line i (bitspersecond).
Ti Averagedelayinline i (seconds).
T
Average
delay
(seconds).
Having made these definitions, several relations can be
stated which will be used later on.
The total average traffic y entering the network, multiplied bythe averagenumber of linkstraversed by a
typical message gives the total link traffic:

x;.

ny =

The proportion of the linkcapacity which is used in
the mean will be called line utilization and is given by
p; =

-.X i

PiCi
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The averagedelay T i in the ith
lineincludingservice
time per message T , and waiting time is [2]

assuming that the arrivals are Poisson and message transmission times are exponential.
Since service time

[E

(Ti)’]l/2.

= -

PiCi

It is also important to consider the spread of the average

Ti can be rewritten as
Ti

can be considered a weightedvariance of the overall
delay.Reference
will be madehere
tothe weighted
standard deviation of the overall delay

a(T) =

1

T,

independent random variables, the expression

delay over the various links given by
=

1
pici -

xi

.

(1)

Thesedelays T i donotincludepropagationtimealong
the lines. Thesepropagationdelays
will beneglected
throughoutthe paper because they donotenter
the
optimization procedure.
Given the averagedelayperlink,
a total average
delaycan be calculatedbyweightingeachlinkdelay
by the proportion of total traffic carried by it:

T

=

xi
-

T,.

Y

A further definition can now be made, that of the minimum feasible networkcost.This
figure isobtained by
assigning to each line the very minimum capacity, i.e.,
pi = 1, for all i. This assignment would mean that the
delaysfor the systemapproachinfinity
on everylink.
This minimum network cost is given by

X(T) =

[

D,

D - D*.

nY

1’”

-

(nTi - T ) 2

.

(5)

The spreald then is a measure of the uniformity of service
over the various links. A large spread in a network with
reasonable global performance indicates that delay times
on some links are substantially shorter than they need
be, andwhat is more detrimental, that onotherlinks
the delays may be intolerably long. It is this spread in
particular which thispaperseeks
to alleviate,relative
to the conventional design.
CRITERIA
FOR OPTIMIZATION

As statled earlier, the usualcriterionisminimization
of the av,erage message delay. One might also consider
minimizing the variance of the overalldelay. What is
proposed .here is a generalization of these ideas-minimization of the mean kth power. Thus the class of criteria
proposed is given by allowing IC to take on integer values
in the relahion

T(k).=
Since a total of D dollarspermonth
are availablefor
the network and since D must be greater than D*, one
can also define the “freely-assignable” portion of the
total cost

xi
T

[

:’

.

2 (Ti)k

I”*

(6)

As is usua,l, the capacities of the various links Ci are then
chosen to minimize the objectivefunction
T ( k )under
the constraint of fixed total cost

D

=

&Ci.

(7)

It is clear that, for k = 1, the usual criterion of Kleinrock
[l] is atliained. It may also be seen that, for k = 2,
the weightedvariance of message delayis minimized
because the mean and standard deviation of a raadom
variableareequal
if that randomvariableisdescribed
by an exponential distribution. If k is allowed to become
very large, approaching infinity in the limit, optimization
under thiis objective function is equivalent to a Chebyshev or minimax criterion and all the individual average
link delays become equal in the solution T(O0)= maxi Ti.
The authors feel this class of criteria is advantageous,
particularly for large values
of k. For suchvalues, the
raising of an above-average link delay to a high power
results in allocation of extracapacity to that link. I n
From the assumptions made, it follows that the delay the normal case, with k = 1, very light traffic on a link
of line i has a negative exponential distribution, so that makes any delay on that link,even a very largeone,
the variance of this delayisequal
to the meanvalue
almostinvisible
tothe
optimizationprocedure.This
squared, i.e., ( T i ) 2 . Since line
delays
are considered will become evident in anexample.

Proceeding further, it is possible to determine the utilization of money spent for the network as simply the ratio
of the minimum cost to actual cost. This “capital utilization” is D*/D.
The optimizationprocedurebeginswithspecification
of the total cost or, equivalently, the capital utilization.
It is possible to define an average line utilization in the
samefashion,i.e.,
that fraction of availablecapacity
actually needed. Thus the average utilization p is defined
as
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ANALYTIC
RESULTS~
Using the method of Lagrangemultipliers,a
simple
solution for the optimization problem is obtained. First,
the Lagrangian multiplier itself can be shown to be

The superscript k indicates the dependence on the parameter of the objective function. The individual link capacities Ci(k)
can beexpressed interms of the Lagrangian
multiplier:

For the case of k = 1, as stated earlier, one gets the
square-root-channelcapacityassignmentfirst
described
by Kleinrock [l]. For the case of k = 2, the variance is
minimized, as discussed previously. For k approaching
zero, includedmainlyfor
completeness,one
gets the
following simple relationships:

and for the delays,
Ti(0)

=

YdiG
-

PiXiDa

'

The case k = 0 corresponds to the proportional capacity
assignment of Iileinrock [l] whenall
cost factors d i
and packet lengths l / k i are the same.
A more interesting case is the other limiting case, that
of k approachinginfinity.Here
one obtains,for
the
capacities,

Ci@)=

-X' .

+ -1

Pi

Pi

D,

c (ddPj)

(10)

3

and for the delays,

Note that the right-hand side of (11) does not depend
on i; in this case alldelays are equal and the average
delay 7"") becomes

NUMERICAL
RESULTS
In the following several of the criteriapreviously
mentioned will be comparedusing
the example of a
telegraph network appearing in Kleinrock (see especially
T

.
a

The derivation of these results is briefly outlined in Appendixes
TT

1971

[l, pp. 22-23]). I n this example the line cost factors
di are all considered equal to unityandall
package
lengths l/pi are also equal.Theaverage traffic on the
seven links is shown in Table I. This traffic is the same
forallexamples
inthispaper.Table
I also shows the
capacityassignmentsforvariousvalues
of k. The lines
with lightest and heaviest traffic are noted. I n all cases
the average line utilizationis 25 percent,identical to
the capital utilization.
As k is increased the line capacities becomemore
uniform. Finally, for k -+ 00, each line has been assigned
an identical amount of additionalcapacityover
the
minimum required because all p i are identical.
Figs. 1-6 show the behavior of the various performance
criteria for several values of k. For a particular value of
k, theoptimum Ct(k)
arecalculated; the performance
criteriaarethenevaluated.Thisvariationis
shown
for three differentaverageutilizations.Lookingfirst
at
any of the sets of curves in Figs. 1, 3, or 5, it may be
seen thatas k approachesinfinity, the averagedelay
for the entire network increases, but only by 20 percent
in the cases shown here. The average delay for the line
with the highest traffic load increases substantially, but
in a region of delay sufficiently small so that the user is
unlikely to detectadegradation
of performance. On
theotherhand,the
linewith the smallest traffic load
experiences. a markedly decreased delay and this occurs
in a regionwhere the userwould be very much aware
of what goes on.
Note that, for k = 00,the averagedelayisequal
to
the individuallinedelaysmultipliedby
6, where ii is
the average number of links passed by a message. ( i i =
1.31 inthe example discussed here.) Optimization for
IC = 0 produces large values which do not fit conveniently
on the curves but areincluded in TableI1 for'completeness.
A point which should be reiterated is that the standard
deviation and the mean of the delay for a single line are
equal for the case of the Poisson statistics assumed here.
This means that alargeaveragelinkdelay
implies a
wide variationin the actual delay times
for that link.
The very long delays resulting from
this large variance
would be intolerable to the user.
It can also be seen from Figs. 2, 4, and 6 that, for
very large k, the spread of delay times approaches zero.
This follows also fromFigs. 1, 3, and 5 as the curves
forlinkswithminimum
and maximumdelayapproach
eachother.The
decrease inspread is indicative of the
greater uniformity of service attained.
From Fig. 7 it may be seen that the global weighted
standarddeviation
does notdependheavily
on the
parameter k of the objective function. This is a pleasing
result.because it shows thatthe price paid for using
highervalues
of k inthe objectivefunctionissmall
indeed: only slight increases in average delay and standarddeviationresult.
In contrast, one obtainssharply
reduceddelays
on the links, whichwould
havehad
abnormally long delays in
the conventionaldesignpro-
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TABLE I
LINE CAPACITIES
FOR SEVERAL
k AND AVERAGE
UTILIZATION
p = 0.25
Line Number
3
9.95

0.82

Loadc
0.13
Capacity"

3.55

1

3.64

2 6b

5

4.3

7

3.15

k = 1 29.83
16.28
6.53
14.34
15.66
15.42
2.41
26.67
16.08
8.09
k14.55
15.59
15.40
4.08
= 2
24.22
15.69
k9.48
14.49
15.30
15.15
6.13
= 4
k =8
14.31
14.98
10.43
14.85
22.63
7.97
15.29
k =
14.15
14.73
14.62
10.98
16
9.25
21.72
15.01
k = 32 14.04
14.48
14.48
10.02
11.28
21.23
14.83
k = 64 13.98
14.49
14.40
10.44
11.43
20.97
14.74
k = m 13.92
14.40
14.31
10.89
11.58
20.71
14.64

Line with lightest traffic.
Line with heaviest traffic.
In packets per second.

1,
tt \

DELAY

"'[

LINE 4 (LOWEST
LOAD)

2oo

DELAY [rns]
I

:zo

p = 0.167

LOAD) (LOWEST

-

p = 0.5

800 -

loo

.

2

1

4

8

600

,HEST
LOAD)
16

32 64

........

~

m

Fig. 1. Delay for 16.7 percent average utilization.
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Fig. 3. Delay for 25 percentaverageutilization.
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Fig. 7. Weighted standard deviation for several average utilizations.

Fig. 4. Spread for 25 percent average utilization.
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TABLE I1
k = On
Utilization

p

0.167
277 0 . 2 5
831 0 . 5

Average Delay
(ms)
149

Variance
(ms)

73
122
365

* I n this example the case k
capacity assignment.

where i

0 is equivalent to proportional

I n summary, a new class of criteria has been proposed
foroptimization
of store-and-forward data communicationnetworks. This class of functionsresults in capacityassignments
which arebettertailored
todata
communicationnetwork designbecausemore
attention
is paid to the needs of the individual user. This results
in 1) a smaller spread of delay between links and, consequently, 2) reduced statisticalvariation of delayon
the more lightlyloadedlinks.Furthermore,these
advantages can be hadwithonlyamoderateincrease
in
average delay.

APPENDIXI
k-a,
It will be shown that T(k)converges to maxi Ti as k
tendstowards infinity. Let m be an indexfor which
T, 2 Ti, i = 1, , N . This index m might not be unique
but canbe chosen to be the samefor all k. Next,t,he

---

following simple inequalities are considered :

Since the bounds for the objective function tend to T ,
as k
m , the desired result has been established.
---f

APPENDIX
I1
OPTIMIZATION
OF Ci(k)
The minimization of T(k)is obviously equivalent to
minimizing ( T ( k ) )and
k the problem becomes

x,

-

Y

(Ti)k,
subject

-

, N , or

Solving for Ci (k) results in (9). Multiplication of the
latterequationsby
di andsummationoverall
i gives
the one additional equation which is required to obtain
L ( k )since diCi(k) is known to be equal to D.
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to

diCick) = D.

It canbereadilyseen
that the objectivefunctionis a
sum of convex functionswithpositive
coefficients and,
therefore, is itself convex. This guarantees existence of a
unique minimum. With a Lagrange multiplier [3] L ( k )to
bedeterminedlater,
the following system of equations
may be set up:
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