King Fahd University of
Petroleum & Minerals
Computer Engineering Dept

Adaptive Power Allocation Algorithm To
Support Absolute Proportional Rates
Constraint For Scalable OFDM Systems

Ashraf S. Hasan Mahmoud, Ali Al-Rayyah
Email: {ashraf, g200604240}@kfupm.edu.sa

10/25/2010 Dr. Ashraf S. Hasan Mahmoud 1

Presentation Plan

Assumptions and Problem Definition
Sub-carrier allocation by Rhee
Optimal power allocation by Shen

Proposed Methods:
e Method 1: Optimal Power Allocation with strict QoS guarantee
e Method 2: Slope method with subchannel auctioning

Conclusions

10/25/2010 Dr. Ashraf S. Hasan Mahmoud




Assumptions

e Downlink

e Kusers — total of N sub-carriers (called sub-channels)
e Total transmit power, Ptotal

¢ NO is the power spectral density of AWGN

e B is total system bandwidth

* Py, is power allocated for user k in sub-channel n

e hy, is the channel gain for user k in sub-channel n

* pPyn is the sub-channel allocation indicator; equal to 1
if the nth sub-channel is allocated for kth user, 0
otherwise NOTE:

Py 18 discrete — either 0 or 1 —
Sub-channels can not be shared!
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Very hard problem to

solve — involves both
continuous variables p,

Optimization PrOblem and discrete one py,

e The objective is to maximize equally weightg
s K N
capacities >y P],;n log, (1 D0 Hk,n)

Pk >Pkn k=1 n=1

where H,,0 i, /(N,(B/N)) is the channel gain to noise
power ratio for the nth subchannel as measured by kth user.

e Subject to the following constraints:

K N
Z Z pk,n < Ptotal
Power constraint T > < k=l n=l

P2 0 forallk,n

K

Allocation constraint C——> Prn € {0, 1} forall k,n Z Pin = 1 for all n
k=1

R_R_ K

Proportional Fairness C——> =
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Optimization Problem - cont'd
e The kth user total user rate, RK, is given by

N
R, = Z:‘ p]';" log, (1 + pk’nHkvn)

o« The fairness index

K 2
(ZRk/yk] F = 1 9 Rates constraint is
_ k;l 100% satisfied
2 F = 0 =» Rates constraint is
Z(Rk/ 7, k)
k=1

F=

K .

100% NOT satisfied
K . .

e Theset {7}, isgiven,

Ideally, R//y,is equal for all k

e Note that if 7. =1 for all k, then the optimization
problem reduces to the max-min problem (maximum
fairness problem)
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Comments on the Optimization
Problem

e Contains both continuous and discrete (binary)
variables

e The previous problem is known as “Mixed binary
integer programming problem”

e The non-linear constraints increase the difficulty of
finding the optimal solution

e For K users and N sub-channels, there are total of KN
possible subchannel allocations

e The exhaustive search solution is nearly impossible for large
Kand N!!
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Solution Proposed by Rhee [1]

e  Assume that ALL subchannels carry same power share equal to
Ptotal/N

e  We need to distribute the N subchannels to K users.

e  Compute Q, (set of allocated subchannels for kth user) for k = 1,
2, ..., Kas follows:

1) Initialization
a) Set Ky =0, Qp = ftor k=1,2,..., K and A =
11,2, ..., ] N
2) Tork — 1 to IV,
a) find n satisfying |Hy, ,,| = |[Hy ;| forall j € A;
b) let Q. = U{n}, A=A4 —{n} and update Ry
according to (2).
3) While A £ &,
a) find k satisfying Ry /v < R;/~; foralli, 1 <i < K;
b) for the found k&, find n satisfying |Hy | = |Hy, ;| for
all j = A
c) forthe found k and n, let Qp = Q. U in}, A =4 —

10/25/2010 {n} and update Ry according to (2).

Optimal Power Distribution for FIXED Sub-
channel Allocation (Shen’s Method [2][3])

e Rhee’s algorithm is used to obtain Qk (set of allocated
subchannels for kth user) fork =1, 2, ..., K

* Now we need to compute pk,n that fulfills the
following optimization problem is:
K
1
maxz Z —log, (1+pk,nHk’n)

Prn k=1 neQy;

K
o SUbjeCt tO Z Z pk,n < total and pk,n 20 for all kan

k=1 neQ;
Q, aredisjoint for all &

QuUQ,uU--uQ c{1,2,--N}
R_R_ . _K

o7 Yk
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Optimal Power Distribution -
Solution [2][3]

e The paper focuses on how to solve this optimization
problem using (semi)analytic method

e Using conventional Lagrange Multipliers method, the
corresponding cost function is given by

The total power

K 1 X constraint
L= z Z ﬁl()gz (1+pk,nHk,n)+/1l (z Z P _PtotalJ /

k=1 neQy, k=1 neQy;,

o 1 1
+Z /1k { Z NlogZ (1 + pl,nHl,n ) - 71 Z NlogZ (1 + pk,nHk,n )J
k=2 neQy / }/k neQy;

| The K-1 Rate constraints |

The set of {4,} are the set of Lagrange Multipliers
L0500, 1€ unknowns are power allocations p; ,’s

Optimal Power Distribution -
Solution [2][3] - cont’d(1)

« Differentiate L with respect to p, , and equate
each derivative to zero, we get
Hk,m Hk,n

1 + Hk,mpk,m - 1 + Hk,npk,n

Vm,neQ, ,k=12,---,K

e If we order the normalized channel power
gains in the set Q (of size Ny) such that H, ; <

Hy, <... < H, y then the previous equation
can be rewritten as:

Power distribution b =p +H"'”_H"’1 n=12,..,N,
for single user R A - and k=12, K

Eq (10)
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Optimal Power Distribution -
Solution [2][3] - cont’d(2)
e The power distribution for single user — shows that

more power will be assigned to sub-channels with
higher H, , = WATER-FILLING Algorithm

e The total power assigned to a user k is then given by

2 NoH, -H
Pk,tot zzpk,n =Nkpk,l+2% k=1927"'7K
n=1 n=1

kot "k,

. e can not use this relation ALONE to find Py ;o — Py 4
S STILL UNKNOWN

This relation computes the total power assigned to EVERY user k
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Optimal Power Distribution - Solution
[2][3] - cont’d(3) {KEY RESULT IN PAPER}

e If we have {P, ..} for all k, then we can use the previous relation
to determine p’f(,l and then all pk,n

*  How to find {Py 1o+}?
e  Solution: use the previous formula and substitute in the capacity
(proportions) equation

1 N

PV
7?{10& (1+Hl,1 %]Hogz Wl} Eq (12)
1

1

1 N

k Bflot _Vk
=——"\log,| 1+ H,, — +log, W, THE KEY RESULT
7e N - N, IN PAPER

For k=2,3,..., K; where Vk and Wk are given by

1
N

H -H Ny A
V.= Bl Eq (13 - Hk N For a given allocation of
k g W, =
n=2 H k nH k1 H sub-channels Vk and

n=2 k.1 Wk are constants!
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Optimal Power Distribution -
Solution [2][3] - cont’d(4)

The “Eq (12)" describes a set of K-1 non-linear
equations

The power constraint represents the K needed
equation is K
q Sp

k ,tot
k=1

=P

The above system of K non-linear equations need to
be solved for {Py i}
e Use Iterative methods such as Newton-Raphson

e Refer to Appendix II of paper for Shen’s implementation of
Newton-Raphson method

e Matlab can also be used
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Optimal Power Distribution -
Solution [2][3] - cont’d(5)

Shen in his paper DID NOT solve this system
of non-linear equations for an arbitrary
case

Shen in his paper DID simplify this system for
two cases:

e Linear case — refer to backup slides
e High Hk,n case — refer to backup slides
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Observation on Optimal Power
Distribution Solution

e Note: In general a solution for the original K
nonlinear equation (or even for the two special cases)

MAY NOT exist for the specified Qk’s
» e In Shen’s Matlab code: when a solution does not exist, then

the problem is solved using Rhee’s algorithm.

e  Therefore, it is an open issue of how to update Qk

o Intuitively, this is done by dropping weak channels first,
recalculate Nk, Vk, and Wk and attempt to solve
o For what k? (i.e. user)

e  Repeat until a solution is found

e When evaluating the final solution {pk,n} with regard
to the Rate Proportionality constraint (i.e. computing
fairness index F on slide 5), we find that the
constraint is not always satisfied

e Due to the update mechanism for the Qk’s
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Proposed Method for Strict QoS
Guarantee

e Starting with the system of non-linear
equations:

PV N P .-V
1M logz[l-i—Hu LJ+log2W, _ LN 10g2[1+Hk,, M]+longk
n N N, e N N,

for k=2, 3, ..., K; and

il)k,tot = ])lotal

e Let us define the quantity Xk given by
X, =1+H,, —Pk"‘}‘v 4.

k
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Proposed Method for Strict QoS
Guarantee - cont’d (2)

e Then Py, can be computed in terms of Xk
using N,
Pk,tot_H_(Xk_l)"_Vk -

k,1

e Substituting (3) into (1) we find

o,

e Now, using the total power constraint, we
write

Sl llomr = oo

k=1
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Proposed Method for Strict QoS
Guarantee - cont’d (3)

e Equation (5) is has one unknown (Xi) — can
be solved numerically using Matlab’s “fzero”.

e However, since (5) is derived from the
original problem formulation given by (2) = a
solution is not guaranteed for the given Qk'’s

e We devise an algorithm for updating Qk’s and
solving (5) such that the rate proportionality
constraint is satisfied 100%
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Sample Results

o Poa = 1 Watts; N, =-65 dBW per Hz. N = 64 sub-
channeis in a 1 MHz bandwidth configuration.

12 T 1.1~ - — T — -
| —o— Proposed

1 0 =-EF- Approximated [2] L .
~ 1
z
£
Qo
z g
2 2
o nogg8-—-——-—————-——-——— - — - — - — — — —
§ ] I
g £ |
El R -
g —&— Proposed

06— — ————————— — | =-EF- Approximated [2] _|
TDMA
o . . . ; pii—— 05 !
2 4 8 10 12 14 16 2 4 6 8 10 12 14 16
number of users, K number of users, K

Fig.1: minimum user capacity for multiuser OFDM  Fig.2: Fairness index and adherence to the
versus number of users for proposed algorithm and  proportional rates constraint for proposed algorithm
other methods. and original algorithm.

10/25/2010 Dr. Ashraf S. Hasan Mahmoud 20

10



Further Work

e The slope method
e Combines subchannel and power allocation
o Iterative method.

* Allocation for Heterogeneous (Real-time and
Non real-time users)

e Extension to MIMO systems
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Two Special Cases of The Key Result
— Linear Case

e Linear Case: if N1:N2:...:NK=y1:y2:...:yK, then the
system of Eq (12) can be written as

1 1 e 1 ] Pl,tot Ptotal
Uay, =+ 0 | Bo| | b, -
. . = Eq (16)
10 - g k | PK,tot bK
where a,, and b, (for k=2, 3, ..., K) are given by
g =M N, HV B,
o N, H,,W, ‘ H, W Lo N, N,

* Solving the above system yields the required P, .
variables — and then all p, , can be found as before.
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Two Special Cases of The Key Result
— High Hk,n Case

e High Hk,n Case:
o IfH,, ~Hg DV ~0,
o IfHey Po/Ne >> 1
e Then the key equation Eq (*) can be rearranged and simplified to be

N Ny
H W, \n Mo(H W, \n Ne
(Tj (Ru)” :[Tj (P)

for k=2,3, ..., K. Since sum of all P, ;. must be Py, then one can write

M7

Pt (H“W/ W (g p=0

e The zero P1,tot of above equation can be found using numerical
iterative techniques (check Matlab)
o After P1,tot is found, then all Pk,tot can be found from the first

equation.
10/25/2010 Dr. Ashraf S. Hasan Mahmoud 26
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Existence of Solution for Single User - For
Optimal Power Allocation Method by Shen

[2][3]
e A power allocation for user k
Pk tOt eXIStS Only |f Vk IS LESS Subchannel allocation
THAN Pk tot — Refer to the KEY Scetion [V-A
RESULT SLIDE *17
e If this is not the case, the sub- Optimal pawer
channel algorithm (Step 1) need to distribation | a——————
be rerun and the allocated sub- Eans. (12) £ (13)
channels (corresponding Qk) need l
to be changed — this méans update
Qk, then update Nk, Vk, and Wk P >V For theusers Py, <V,
accordlngly 12;\;::]1[ mr:—;j upd?,lf"?"( 1‘111\;]‘:\}: I\i’j'“'
« In Shen’s Matlab code — Qk was not " A
updated — but power allocations and Y“l No
rates were computed using Rhee’s ) ]
a lgorlth m | I Water-lilling alzonthm
1 H for cach user
e Therefore, it remains an e

open issue of how to update
QI?('S. P

. R Allocation Algorith
. Loglcall¥ you want to drop the esource A focation Algorithm

weakest subchannels first. Algorithm 1
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Optimal Power Allocation - Water
Filling
e  Water fiIIin(r:; procedure provides the optimal power allocation for a given

subchannel assignment.
e The cost function specified on slide 9 along with the constraints is given

by K 1 K
L= Z Z Wl‘)gz (1 + pk,nHk,n)+ A [z Z Diy _Rotalj
k=1 neQ k=1 neQ,
& 1 7 1
+z A Z —log, (1 +p,H, ) - Z —log, (1 + P, )
k=2 neQ N k neQy; N
e Differentiating L with respect to the unknown p, , results in the following
equality % I
k,m k,n
= VmneQ, k=12, K
1+H,,p,, 1+H,,p,
or 1 1
+ Py =——+p,, =constant  Vm,neQ, k=12, K
Hk,m ' Hk,rr '

e This constant is referred to as the “water level”
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Water Filling Algorithm

10/25/2010 Dr. As

Given

e Aset of channel gains: H1, H2, ...

e A total power Ptot

Required — user water filling to find optimal allocations p1, p2, ...,

pn.

Solution:

, Hn

we must find p1, p2, ..., pn such that

1/H1 + pl =1/H2 + p2 =... = 1/Hn + pn

e where pl + p2 + ... + pn = Ptot, and

. C is the water level

Note the pi = max(C — 1/Hi, 0

= (C-1/Hi)* fori=1, 2, .., n.

=C

This is what Mohanram is
i H?T%EH 4(e) of his algorithm!! 29

Water Filling Algorithm (2)

H
(channel

Consider the following examples:

ain) Distribute Ptot

H
(inverse

of

on channels 1,2, and 3 pannel gain)

10/25/2010

il

I 1 channel

index

Case 1: Ptot small

= p2 = Ptot, and
pl = p3 = 0 (since water level is low)!!
Note that 1/H2 + p2 = water level

p2

water level

i

H
(inverse

of

channel gainjy

2 3 channel
index

Case 2: Ptot medium

= pl+p2 = Ptot, and

p3 = 0 (since water level is not enough)
Note that 1/H1 + p1 = 1/H2 + p2 = wat

p2

water level

1

Dr. Ashraf S. Hasan Mahmoud

2 3 channel
index 30

15



Water Filling Algorithm (3)

e Observation on water filling

Case 3: Ptot large

o The algorithm starts by allocating H! = pl+p2 + p3 = Ptot, and
power to the strongest channels (inverselof ~ Notethat 1/H1 +pl = 1/H2 + p2
. The stronger channel is always channel gain) = 1/H3 + p3 = water level

allocated power greater than that
allocated for relatively weaker

channel water level f----g-----g----7g---

. If Ptot is not sufficient (i.e. water
level is not high), for weak
channels (C — 1/Hi)* will be equal
to zero — i.e. the power allocation
will be zero.

e We need a Matlab code that
takes a vector of Hs and Ptot
as input and returns the
corresponding vector of power
allocations, Ps computed as
per the water filling algorithm.

1 2 3 channel
index
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Water Filling Algorithm (4) - Matlab
Code for Calculation of Pi

function [Ps, C] = MyWaterFilling(Hs, Ptot);

% return Ps - the power allocations corresponding to the Hs
% C - the water level

n = length(Hs);

Ps = zeros(size(Hs));

if (Ptot == 0)

return; % will be zero for all channels”
end
% Ptot is NOT equal to zero —
%the at least the strongest channel will have power!!

[SortedHs, Indices] = sort(Hs); % store the indices

C = (Ptot + sum(1l./SortedHs))/n;

P = C - 1./SortedHs; % temporary pov

Sign = (P > 0); k = 0; % test for el

whille (sum(Sign) ~= (n-k)) && (k <= n)
% eliminate the weakest channel
k = k + 1; SHT = SortedHs(k+1:n);
C = (Ptot + sum(1./SHT))/(n-k);
P =C - 1./SHT;
Sign = (P > 0);

end

Ps(Indices(k+1:n)) = P;

%Fprintf("strongest k
power\n®, n-k);

Y%Fprintf("Water level = %7.3fA\n", C);

Y%Fprintf("Total allocated power = %7.3F\n", sum(P));

Y%Fprintf("Allocations: *);

%for i=k+1:n, FprintF("P[%2d] = %7.3F, *, i-k, P(i-k)); end

Y%Fprintf(*\n~);

culation

ation of weak channels

= %3d users were allocated

The idea of the code is as follows:
- Sort the channel gains, Hs
- Since pi=(C— 1/Hi)" forI=1,2,...,n
and Xpi = Ptot, then
Y pi=nC - X (1/Hi) = Ptot,
therefore,
C = (Ptot +  (1/Hi))/n

This is provided that C is the true water
level and all pi’s are positive.

Therefore, we iteratively compute C and

pi’s until all pi’s are positive. For every failed,
iteration we eliminate the weakest channel out
of the remaining channels

Note that if Ptot is NOT zero, then at least
we can allocate the entire Ptot to the strongest
channel!!
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Water Filling Algorithm in
Mohanram’s Paper

e  The channel gains are The joint subcarrier and power allocation strategy is as
denoted by yk,n follows.
e  Every allocated channel I Initialize A = {1.2.3,...N}
comes with Ptotal/N 259k=1w K. Ay =0.D =0
share — these shares are > 7F =110 K. ]
accumated in Pk, which (a) v = maxy, Ve, forn e A .
is the total power for the (b) A = Ap U in}. P = P + =gt
kth user. (¢) Ry = logs (1 + Pi)
e Water filling is used to 4 {\(‘i’}hillc ll '_.J_{“}
distribute this Pk over .

(a) find ¢ such that f < ft Yhi=11w K

the channels owned by (b) for the above i, find n such that
the kth user (step 4(e). Yin 2 Vi T E A
e vy isthe water level (c) A; — .:'l.' U {”'}_ Po= P+ P
(previously called DA=A—{n) N
constant C) (dra=A-=in
(e) Rr = ZN—:‘.. "”3’12[' + ‘D:',Ja".'i,n] where I)i.n =
+
(“_- — ﬁ) and 3 o4 Pin =P
The f(x) = (x)* operator indicates that f(x) = 0 when
o< Oand f(r) =x when 2 = (.
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