Boundary-Layer Flow over a Flat Plate

“Approximate Method”

Transition

Turbulent

Laminar

VV><

The momentum balance on a control volume of the boundary layer leads to the following

equation:

v ifv dy—T—W+i:;[v2dy (1)
Tdxy T p o dxy

The approximate method of boundary layer analysis can be summarized as follows:
(@) Assume the velocity profile, v, , as a function of x and y.

) )
(b) Evaluate the integrals: J.vxdy and J.vfdy.
0 0

(c) Evaluate the wall-shear stress: 7, = u

Elah
(d) Substitute in the above momentum balance and get 6 and t,, as functions of the

distance, X, the velocity far from the plate, vy, and the fluid properties (o, u).

The question now, how to assume v? v, can be assume as follows:
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. -
= f(£) where ¢ = 50

The function f(g”) must satisfy the following properties:

1. f(0)=0 (vx=0@y=0)
2. f1) =1 (Vx =V @Y =0)
2 2
3. 9 g [ryx 75=,uavx =oj; 2 8 ‘; =0, 5. d ‘; =0
dé/ c=1 y= ay y=6 dé/ =0 dé’ =1

Laminar Boundary Layer

Now let us follow the summary outlined previously for the approximate method of boundary

layer analysis:

(@) The following velocity profile V—X:Sin(%gj satisfies the properties of the function
v

0

f(¢) listed before, hence it can be assumed.

5 5 s
(b) Evaluate: vady = jvxw sin[zzj dy =-v,, 35 cos(zlj = vawé
0 0 20 I1 20

0 ) o y F) T y
Also, jvfdy = J'vwainz(——J - vfwjl{l— Cosz(——ﬂdy
0 0 20 20

0

5 5
:vijdy—ICosz(%%]dy} (using integration formula in appendix
0 0

A)
)
e |y -2t £l+lsm( _1] 2 9
72025 2 . 2
(c) Evaluate: T, = ,u% y=0
oy
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the derivative: 2 = 9 vaSin(zlj =v,, ZECOS(EXJ
o oy 26 2

and therefore: 7, =| wv,, EECOS[ZXJ AV T
26 26,4

(d) Substitute in momentum balance, equation (1):

2
Vwi[sz(gjzw+i[v;éj 2,45 _mr v, ds
dx\ 7 20 p dx 2 r ~dx 25p 2 dx
=0.137
Vm(z_ljdﬁ:ﬂl o137y, 99 _url
r 2)dx 2p0o dx 2p&o
o s X
Integrate: 0 d6=—F"————|dx
[0 8 =2 aamv)]
2
o _ aidd (+x2)
2 2p(0.137v,)
O wm 1 m n
x?  p(0.137v,)x 0.137 pv, x
: _ PV, X
Define Reynolds number for boundary layer flow: Re, =
U
6° r 1 o 479
2= =y ==
x* 0.137 Re, X Re,

The above equation provides the thickness of the boundary layer as a function of x and Rey.

Now we evaluate the shear stress at the flat plate:

dvx| AR

Recall, T, =M
dy|,., 20
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fpVOOX 0.328 s

w

2 479x 2 479x  (2)479) %

Recall the definition of Drag Coefficient: Ci=- Tu >
2PV
Yoy o % 0.656
C, =0.328 £ Y= P - L = (2)(0.328)—*—— =C, =—
X2 ipvi vﬁp%x% Re,

Turbulent Boundary Layer

The preceding analysis was for laminar B.L. However, it is found experimentally that when

Re, > 3.2 x 10°, the boundary layer becomes turbulent over a flat plate:
Re, <3.2x10° Laminar boundary layer

Re, >3.2x10° Turbulent boundary layer

What is the value of x at which the boundary layer undergoes transition to turbulent flow?

PVoX _39410° = x=32x10°-*—
U PV,

The velocity profile for turbulent boundary layer is based on experience from experimental

data:

, v,
From experience: X =

<

17
J for turbulent B.L.
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_dv,
"= My

T

d y )Y L)1 1 1{1}
= — Vv —_— = 5 [ - 5 T = - !
» ﬂ[d)’( w(éj Hyo O3 = T 10T

Therefore, we have a problem that the turbulent velocity profile that is based on experience

Y7
v . :
£ = (%J , predicts infinite shear stress z,,. However, from experiment:

o0

4
7 =0.0451 2 4
2 PV O

0

Recall, the momentum balance on a control volume of the boundary layer:

(7 7) ,do 0045 ,( u |*
===, —= Vo
8 9) dx 2 V.S

Integrating and simplifying:

1

4 0.0576

1 and C, = 0.045( i T 1
g PV0 (Re, )
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Summary

Laminar B.L.
Req = 3.2 x 10° = x, =3.2x10° £ Re,<Rey = X<X,
PV,
v y T
X — f , — C. = w
v €), ¢ 50 s
o
f(¢) M C,
Exact Soluti Numerical See Fig 8.5 0.664
xact Solution : TRe,
Re,
sin(z¢) 4.79 0.656
z¢ Re, JRe,
¢ Do it If ! 0578
o it yourself ! JRe,
2 4,2 Dot If 0.730
- o it yourself ! JRe,
3 13 . 0.646
56 =3¢ Do it yourself ! ﬁ
_ 0.686
20 -2+ ¢ Do it yourself ! -
Turbulent B.L.
L
4
Re. > Re Cp = :0.045( H j
2PV PV0
o = L716,5 equation (8.61 of textbook)
X (Re,)
c, = tu__ 00576 equation (8.62 of textbook)
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Calculation of Drag Force Over a Flat Plate

Drag Force: Fp = Aty

However, A = f(x) and 7, = f(x)

= Fp = [z, dA; dA = dx (Area per unit width)
L
=F, = ITWdX (Drag Force per unit width)
0
= 32X105 pfl/ = I:D = Jq( )Lamlnar dX+J Turbulemdx
© 0 Xer
Xer L lpvz 1, Xer L
! Laminar dX+j Turbulentdx X ;pv(; :Epvoo !(Cf)Laminar dX+J-(Cf)Turbulenth
1 ,|%0.656 = 0.0576 1 ,|0.656% = 0.0576
== pV dX+ | ——==dx |==pV X 2 dX+————~ | X %dx
| [ [ - S [ s 220 |
VA H ]
1 0.656 1\ 00576 (5Y,F 4
F =§P V2 I(Z)(X°fzj+ﬁ(ﬂ[l'5 - XcﬁJ
. |
1 | 5\ L X
F,==pv:| 0.656(2 0.0576 o
o= o oos) g oot by e

Note: the above analysis for calculation of the drag force per unit width is done for the case

when L > X (ReL > Re¢). However, for the case when L < X (ReL < Re) the flow over the

|

Page 7

entire length of the plate is laminar and the drag force per unit width:

L

JRe,

0.656

j :lpvzf(c ) ey j dx | = pv2 0.656(2)
. Lamlnar 2 © . f Lamlnar 2 of =
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Example

Air (pair = 0.075 Ib/ft®, mair = 1.35x10°° Ib,/ft s) flows over a flat plat with a velocity 50
ft/s. Calculate the drug force over the flat plate if:

(@) The plate is 1 ft long along the direction of flow.
(b) The plate is 5 ft long along the direction of flow.

Solution

(@ Re =2t (0'075)(5051) = 2.8x10° <3.2x10°
7] 1.35x10

In this case, the flow over the entire plate is laminar:

Fp = % p vi{o.ﬁsa(z)L} = % x 0.075x 502{0.656(2);}

JRe, V2.8x10°
=0.23 'bmzft 1 _72v1010
s©  ft ft

b) Re =2t (0'0757)550)(5) ~1.39x10° > 3.2x10°
g 1.8x107%(0.075)

In this case, the flow undergoes transition from laminar to turbulent. The transition
takes place at:

-4
X, =3.2x10° 4 =32x10° 1810

PV,

=1.152ft <51t

1 X > - :
Fo =~ p V2| 0.656(2)— = +0.0576 > ke,
D 2 p VOO[ ( ) Recr ’ (4J( (ReL)1/5 \/(Recr )1/5 J]

1.152 +0_0576(§) 5 1152
V3.2x10° 4 ) [L39x10°}"° (3.2x10°)
I, ft 1 Ib,

F,=253x10"—2— —=7.86x10"°"—"
s°  ft ft

F, = %(1.8 x107 0.075)502[0.656(2)
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