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Boundary-Layer Flow over a Flat Plate 

“Approximate Method” 

 

The momentum balance on a control volume of the boundary layer leads to the following 

equation: 

∫∫ +=∞

δδ

ρ
τ

0

2

0

dyv
dx
ddyv

dx
dv x

w
x    (1) 

The approximate method of boundary layer analysis can be summarized as follows: 

(a) Assume the velocity profile, xv , as a function of x and y. 

(b) Evaluate the integrals: dyvx∫
δ

0

 and dyvx∫
δ

0

2 . 

(c) Evaluate the wall-shear stress: 0=∂
∂

≡ y
x

w y
v

µτ . 

(d) Substitute in the above momentum balance and get δ and τw as functions of the 

distance, x, the velocity far from the plate, vx∞

The question now, how to assume v

 and the fluid properties (ρ, μ). 

x? vx can be assume as follows: 

Laminar 

Turbulent 
y 

x 

Transition 
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( )ζf
v
v

x

x =
∞

 where ( )x
y

δ
ζ ≡  

The function ( )ζf  must satisfy the following properties: 

1. f(0) = 0  (vx

2. f(1) = 1  (v

 = 0 @ y = 0) 

x = v∞

3. 

 @ y = δ) 

0
1

=
=ζζd

df   












=

∂
∂

=
=

=
0

δ
δ

µτ
y

x
yyx y

v
;  4. 0

0
2

2

=
=ζζd

fd ,  5. 0
1

2

2

=
=ζζd

fd  

 

Laminar Boundary Layer 

Now let us follow the summary outlined previously for the approximate method of boundary 

layer analysis: 

(a) The following velocity profile 





=

∞

ζπ
2

Sin
v
vx  satisfies the properties of the function 

( )ζf  listed before, hence it can be assumed. 

(b) Evaluate:  dyyvdyv xx 





= ∫∫ ∞ δ
πδδ

2
sin

00

δ
πδ

πδ
δ

∞∞ =















Π
−= xx vyv 2

2
cos2

0

 

Also,   ∫ ∫ 





= ∞

δ δ

δ
π

0

2

0

22

2
ySinvdyv xx ∫ 














−= ∞

δ

δ
π

0

22

2
1 dyyCosvx   















−= ∫∫∞ dyyCosdyvx

δδ

δ
π

0

2

0

2

2
 (using integration formula in appendix 

A) 

   [ ]
22

2
2
1

22
12 2

0
0

2 δ
δ

π
δ

π
π
δ

δ
δ

∞∞ =

























+−= xx vySinyyv   

(c) Evaluate: 0=∂
∂

= y
x

w y
v

µτ  
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the derivative: 















∂
∂

=
∂
∂

∞ δ
π ySinv

yy
v

x
x

2






= ∞ δ
π

δ
π yCosvx 2

1
2

 

and therefore: 
02

1
2 −

∞ 













=

y
xw

yCosv
δ

π
δ

πµτ
δ
πµ

 2
  ∞= xv

 

(d) Substitute in momentum balance, equation (1): 

 





+=








∞
∞

∞∞ 22
2 2 δ

ρδ
πµδ

π
v

dx
dvv

dx
dv   

dx
dvv

dx
dv δ

ρδ
πµδ

π 22
2 2

2 ∞∞
∞ +=⇒  

δρ
µπδ

π
1

22
12

137.0

=





 −

=

∞ dx
dv



 
δρ

µπδ 1
2

137.0 =⇒ ∞ dx
dv  

Integrate: ( ) ∫∫
∞

=
x

dx
v

d
00 137.02

  
ρ

µπδδ
δ

 

( ) x
v∞

=
137.022

2

ρ
µπδ    ( )2x÷  

( ) xvxvx
δ

∞∞

==
 137.0

1
137.02

2

ρ
µπ

ρ
µπ  

Define Reynolds number for boundary layer flow:  
µ

ρ xv
x

∞=
 Re   

xx
δ

Re
1

137.02

2 π
=   

xx Re
79.4

=⇒
δ

 

The above equation provides the thickness of the boundary layer as a function of x and Rex

Recall,  

. 

Now we evaluate the shear stress at the flat plate: 

δ
πµµτ

20

∞

=

==
v

dy
dv

y

x
w  
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( )( ) 2
1

2
1

2
3

2
1

328.0

  
79.42 79.4

 

    
2 79.4

Re
    

2 x

v
x

xv
v

x
v x

w
ρµπµ

ρ
πµπµτ ∞

∞

∞∞ ===⇒



 

Recall the definition of Drag Coefficient:   2
2
1

∞

≡
v

C w
f ρ

τ  

( )( )
2

1
2

1
2

1

2
1

2
2
12

1

2
1

2
3

2
1

328.021  328.0
xvvx

vC f
ρ

µ
ρ

ρµ

∞∞

∞ ==   
x

fC
Re
656.0

=⇒  

 

Turbulent Boundary Layer 

The preceding analysis was for laminar B.L. However, it is found experimentally that when 

Rex > 3.2 x 105

5102.3Re ×<x

, the boundary layer becomes turbulent over a flat plate: 

  Laminar boundary layer 

5102.3Re ×>x   Turbulent boundary layer 

What is the value of x at which the boundary layer undergoes transition to turbulent flow? 

∞

∞ ×=⇒×=
v

xxv
ρ
µ

µ
ρ 55 102.3           102.3  

The velocity profile for turbulent boundary layer is based on experience from experimental 

data:  

From experience: 
71







=

∞ δ
y

v
vx  for turbulent B.L. 

δ
δ

δδ

 
8
7

0

71

0
∞∞∫∫ =






= vdyyvdyvx  
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δ
δ

δδ

 
9
7 2

0

72
2

0

2
∞∞∫∫ =






= vdyyvdyvx  

!
0
1

7
11

7
1 7

1

0
7
6

7
1

0

71

0

∞=



=
















=




























==

−

=

−

−

=

∞
=

δµδµ
δ

µµτ

y
yy

x
w

y

yv
dy
d

dy
dv  

Therefore, we have a problem that the turbulent velocity profile that is based on experience 
71







=

∞ δ
y

v
vx , predicts infinite shear stress wτ . However, from experiment: 

4
1

2
2
1

045.0 







==

∞∞ δρ
µ

ρ
τ

vv
C w

f  

4
1

2

2
1045.0 








=⇒

∞
∞ δρ

µρτ
v

vw  

Recall, the momentum balance on a control volume of the boundary layer: 

∫∫ +=∞

δδ

ρ
τ

0

2

0

dyv
dx
ddyv

dx
dv x

w
x  







+

























=






⇒ ∞

∞
∞∞∞ δ

δρ
µρ

ρ
δ  

9
7

2
1045.01 

8
7 2

4
1

2 v
dx
d

v
vv

dx
dv  

4
1

22

2
045.0

9
7

8
7









=






 −⇒

∞
∞∞ δρ

µδ
v

v
dx
dv  

Integrating and simplifying: 

( )5
1

Re
376.0

x
x
=⇒

δ   and   
( )5

1

Re
0576.0045.0

4
1

x
f v

C =







=

∞δρ
µ  
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Summary 

Laminar B.L.  

Recr = 3.2 x 105

∞

×=⇒
v

xcr ρ
µ5102.3   

 
Rex ≤ Recr crxx ≤⇒  

( )ζf
v
vx =
∞

,  ( )x
y

δ
ζ =

  
2

2
1

∞

=
v

C w
f ρ

τ

 

( )ζf
 

x
δ

 
fC

 

Exact Solution Numerical See Fig 8.5 
xRe

664.0

 

( )ζπ
2sin  

xRe
79.4

 xRe
656.0

 

ζ  Do it yourself ! 
xRe

578.0

 

22 ζζ −  Do it yourself ! 
xRe

730.0

 
3

2
1

2
3 ζζ −  Do it yourself ! 

xRe
646.0

 

4322 ζζζ +−  Do it yourself ! 
xRe

686.0

 

Turbulent B.L. 

ReL > Recr
4
1

2
2
1

045.0 







==

∞∞ δρ
µ

ρ
τ

vv
C w

f     

( ) 5/1Re
376.0

xx
=

δ    equation (8.61 of textbook) 

( ) 5/12
2
1 Re

0576.0

x

w
f v

C =≡
∞ρ

τ
 equation (8.62 of textbook) 
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Calculation of Drag Force Over a Flat Plate 

Drag Force: FD = A τw

However, A = f(x) and τ

  

w 

( )unit widthper  Area                           ; dxdAdAF wD ==⇒ ∫τ

= f(x) 

 

( )unit widthper  Force Drag          
0
∫=⇒
L

wD dxF τ
 

∞

×=
v

x
ρ
µ5

cr 102.3
  

( ) ( ) dxdxF
L

x
w

x

wD

cr

cr

∫∫ +=⇒ Turbulent
0

Laminar ττ
 

( ) ( ) ( ) ( )

( )




























+=












+=












+=×













+=

∫∫∫∫

∫∫∫∫

−

∞

−

∞
∞∞

∞
∞

∞

dxx
v

dxx
v

vdxdxv

dxCdxCv
v
vdxdxF

L

x

xL

x x

x

x

L

x
f

x

f

L

x
w

x

wD

cr

cr

cr

cr

cr

cr

cr

cr

5
1

5/1
0

2
1

2
5/1

0

2

Turbulent
0

Laminar
2

2
2
1

2
2
1

Turbulent
0

Laminar

0576.0 656.0 
2
1

Re
0576.0

Re
656.0

2
1     

2
1  

µ
ρ

µ
ρ

ρρ

ρ
ρ
ρττ

( )





























−
















+






=

∞∞
∞ 5

4

cr
5
4

5/12
1

cr
2

4
50576.02656.0 

2
1 xL

v
x

v
vFD

µ
ρ

µ
ρ

ρ

( )
( ) ( ) 



















−






+= ∞ 51

cr

cr
5/1

cr

cr2

ReRe4
50576.0

Re
2656.0 

2
1 xLxvF

L
D ρ  

Note: the above analysis for calculation of the drag force per unit width is done for the case 

when L > xcr (ReL > Recr). However, for the case when L < xcr (ReL < Recr

( ) ( ) ( )











=












=== ∞∞∞ ∫∫∫

L

L

x

L

f

L

wD
LvdxvdxCvdxF
Re

2656.0 
2
1

Re
656.0

2
1

2
1 2

0

2

0
Laminar

2

0
Laminar ρρρτ

) the flow over the 

entire length of the plate is laminar and the drag force per unit width: 
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Example  

Air (ρair = 0.075 lbm/ft3, mair = 1.35x10-5 lbm

(a) The plate is 1 ft long along the direction of flow. 

/ft s) flows over a flat plat with a velocity 50 

ft/s. Calculate the drug force over the flat plate if: 

(b) The plate is 5 ft long along the direction of flow. 

Solution 

(a) ( )( )( ) 55
5 102.3108.2

1035.1
150075.0Re ×<×=

×
== −

∞

µ
ρ Lv

L    

In this case, the flow over the entire plate is laminar: 

( ) ( )

ft
lb102.7

ft
1  

s
ft lb23.0     

108.2
12656.050.0750

2
1

Re
2656.0 

2
1

f3
2

m

5
22

−

∞

×==










×
××=












=

L
D

LvF ρ

 

 

 (b) ( )( )( )
( )

56
4 102.31039.1

075.0108.1
550075.0Re ×>×=

×
== −

∞

µ
ρ Lv

L    

 
In this case, the flow undergoes transition from laminar to turbulent. The transition 
takes place at: 

ft 5ft152.1
50

1018.1102.3102.3
4

55
cr <=

×
×=×=

−

∞v
x

ρ
µ

 

( )
( ) ( ) 



























−






+= ∞ 51

cr

cr
5/1

cr

cr2

ReRe4
50576.0

Re
2656.0 

2
1 xLxvF

L
D ρ

 

( ) ( ) ( ) ( ) 





















×
−

×






+

×
××= −

5155/165
24

102.3
152.1

1039.1
5

4
50576.0

102.3
152.12656.005 075.0108.1

2
1

DF

ft
lb1086.7

ft
1  

s
ft lb1053.2 f6

2
m4 −− ×=×=DF  
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