Pressure Driven Flow through a Horizantal Circular Pipe

A fluid of constant density p and viscosity x flows through a horizontal pipe of
radius R and length L shown in figure below. The pressures at the centers of the
inlet and exit are p, and p,, respectively. You may assume that the only nonzero
velocity component is v, and that this not a function of the angular coordinate,

0.

P=P, 7 Pressure Driven Flow ﬁ*p -p
P1> P, : y

Starting any further necessary assumptions, derive expressions for the
following, in terms of any or all of R, L, p_, p, o, and the coordinates r, z, and
0:

a) Velocity Profile

b) Volumetric Flow Rate

¢) Maximum Velocity

d) Mean Velocity

e) Shear Stress

Solution:

First we start with the continuity equation in cylindrical coordinates for
incompressible fluid (the density is constant):

10(rv,) +la(rvg) LV g
r or r oo 674

Since the flow is in the z-direction only, then we have only one component of
the velocityv, =0 andv, =v, =0, continuity equation simplifies to:

ov, 0
oz
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Conclusion the simplified continuity equation implies that v, is not a function of
4

#1(2)

Also, for axi-symmetric problem, v, = f(8).

Second we use the Navier-Stokes equations in Cartesian coordinates:

N, NV N,V N, |_ op 1 a(rv, ) 1 0%,
P ' Ty o B TH 2 _7 P9
ot oX r oy r 0z or ar r or r 00% r
P%+Vr%+vi%+ﬂ+vz% B 18p+’u 14(rv,) +la"2 22
ot ox r o0 r 0z roe or\r or 00° r

Ny, N Ve, ) ap, (10 v, +i62v1+av ' oy
Aot " ax Tree e ) o Mrarl or )T eer T e e

To simplify Navier-Stokes equations we can utilize the following results:

1. Steady state: w =0

Axi-symmetric problem: %;hmg) =0

We have one component of the velocity v, #0 andv, =v, =0
# f(z, &) itis only a function of y: v, = f(r).
9.=0

abr w D

Therefore the N-S equations simplify to:

O=—@+,u d dv
0z rdr dr

In pressure driven flows like this problem the pressure changes linearly along
the direction of the flow:

@=p2_pl_ﬂ

oz L L
Velocity Profile:

Integrate simplified NS equation once:
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J.d(rdd\:f):'[iALprdr

2
rdlziﬂr__kcl

da u L 2

Integrate second time:

1A C
Ide = I(;Tp%+71]dr

2
=V, :iﬁr—JrC1 In(r)+C,
u L4

To find the constants of integration apply the following Boundary Conditions:

=0 (Velocity is maximum at center of pipe)

r=R v,=0 (No - Slip Boundary Condition)

&, _1apr

dr g L2 r

0-14p0 C =  C, =0 (otherwise we have oo!)
u L2
2 2
= Z=££R—+O|H(R)+C2 = sz_lﬁR_
u L u L 4
2 2
Ly -lfpr 1ApR
uL 4 ulL 4
Rearrange:
:>Vz :i&(rz _Rz)
4u L

The above equation is similar to an equation of a parabola and hence the
velocity profile is called a parabolic velocity profile, see figure below:
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Parabolic Velocity Profile

r — 4

> R
P=P; T_. 7 ---- PressureDriven Flow f—m 3 ... Yo P=P;
Pl > Pg —%

Volumetric Flow Rate:

Q={v, dA

In cylindrical coordinates:

dA=rdrdé

27R R

Q:”vZ rdrdQ:J'vZ 27 rdr
00 0

Q= J:iA—Lp(rz - R2)27r rdr

_7[R4 - Ap

Q8ﬂ

(Hagen Poiseuille Law)
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Maximum Velocity:

R? —Ap
VMax = Vz -0 =
' 4u L
Mean Velocity:
-7 R*Ap
v _Q_ 8uL RP-Ap Vy,
"OA 7 R? 8u L 2
Shear Stress:
ov, 0(Vy), lov, AN
2 r—| —=|[+— +
or or\r r oo or oz
Trr Tr& z-rz
T T T = ri V_e +16Vr 23%4_2\/_" %-FE%
xowe H or\r r o6 r 06 r 0z r 06
Tzr Tzﬁ Tzz aVZ 6Vr 6V0 1 8VZ 8\/Z
+ —+— 2
or 0z oz r 06 0z

Recall simplifications:

d(any thing)

1. Axi-symmetric problem: =0

2. We have one component of the velocity v, #0 andv, =v, =0
3. v, # f(z, O) itis only a function of y: v, = f(r).

This leads to the following simplifications:

ov,
2-rr Tre Trz O ( ar j
Ty Top Tal|=#M| O 0 0
z.zr Tz& Tzz (avz j O 0
or

ov

8rj'

Therefore, the only nonzero stresses are: r,, =7, = ,u(

_ 1 AP
L (rz Rz)

Recall, v,
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Shear Stress Profile

P1>P2
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