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Rate of Momentum in - Rate of Momentum out + Sum of Forces = Accumulation  

Accum. 
ForcesBody 

Forces (Stress)Friction 
 Forces Pressure

=















+

+
+− outin ΜΜ 

Recall that the momentum is a vector quantity: 

 
  

VectorVelocity Scaler Mass

vmΜ  =
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ForcesBody 
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 Forces Pressure
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VectorVelocity Scaler Mass

vmΜ  =
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∆x 

∆z 

∆y 
ρ vx vx ∆y ∆z 

ρ vx vx ∆y ∆z 

ρ vy vx ∆x ∆z 

ρ vy vx ∆x ∆z ρ vz vx ∆x ∆y 

ρ vzvx  ∆x ∆y 

Consider the x-component of the momentum  
that enters and leaves  

out of the six surfaces of the control volume 

[ ] +∆∆
∆+

zyvvvv
xxxxxxx    - ρρ

[ ] +∆∆
∆+

zxvvvv
yyxyyxy    - ρρ

[ ] yxvvvv
zzxzzxz ∆∆

∆+
   - ρρ
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∆x 
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∆y 
P ∆y ∆z 

P ∆y ∆z 

Consider the forces that act in the x-direction 

Pressure Forces in the x-direction 
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Stress Tensor 

















=

zzzyxz

yzyyyx

xzxyxx

τττ
τττ
τττ

τ

 
DirectionPlane

xyτ

τyx acts in a plane normal to the y axis 
     and it is pointing in the x-direction  

τyx = τyx   , τzx = τxz , … 
stress tensor is symmetrical 
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Consider the forces that act in the x-direction 

Stress (Friction) Forces in the x-direction 

τxx τxx 

τyx 

τyx 

τzx 

τzx 

[ ] +∆∆+−
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xxxxxxx   ττ

[ ] +∆∆+−
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∆x 

∆z 

∆y 

Consider the forces that act in the x-direction 

Gravity Force in the x-direction 

∆x ∆y ∆z ρ gx 
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[ ] [ ] [ ] +∆∆+∆∆+∆∆
∆+∆+∆+

yxvvvvzxvvvvzyvvvv
zzxzzxzyyxyyxyxxxxxxx    -    -    - ρρρρρρ

[ ] [ ] [ ] +∆∆+−+∆∆+−+∆∆+−
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zzzxzzxyyyxyyxxxxxxxx         ττττττ

[ ] +∆∆− ∆+ zyPP xxx

xgzyx    ∆∆∆ρ

[ ]xvzyx
t

  ∆∆∆
∂
∂

= ρ

Divide the whole equation by ∆x ∆y ∆z  
then take the limit when ∆x ∆y ∆z approaches zero  
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x-component of the momentum balance 

y-component of the momentum balance 

z-component of the momentum balance 
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Microscopic Continuity and Momentum Balance 
Equations in Cartesian Coordinates 

( ) ( ) ( )
0=

∂
∂

+
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∂
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∂
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z
v

y
v

x
v

t
zyx ρρρρ

We have four (4) equations with ten (10) unknowns! 

zzyzyyxzxyxxzyx vvvp ττττττ ,,,,,,,,,
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Newton’s Law of Viscosity 

For a Newtonian fluid (simple fluid without microstructure):  

 

Tvv ∇+∇=

=

γ

γµτ





          

    
Tensor RateShear ViscosityConstant 

For Newtonian Fluid: 
The viscosity is constant and independent of shear rate 
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Cylindrical Coordinates 
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Navier Stokes 
for Incompressible Newtonian Fluid  

(Chartiesian Coordinates)  
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Navier Stokes 
for Incompressible Newtonian Fluid  

(Cylindrical Coordinates)  
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