Structural Analysis I- CE 305: 

1/6

Beam Deflections (deformations)
     

Summary of lectures 10-13


Introduction and Definitions: 
1. Deformations of a structure represent change in the structural geometry. For a given structure (e.g. a beam; frame; a truss) the structural geometrical change at a selected point is measured by linear movement designated asorand angular movementsdesignated   as:  or. 
2. Moment-curvature equation: for linear elastic behavior of a given structure, the bending moment M(x) is related to the geometrical change in terms of the curvature of the elastic line through the following differential equation: d2v/dx2  = M(x)/EI where the EI is the flexural rigidity of the beam cross section. This equation is valid only for a beam segment where M(x) is one single expression, and has to be applied repeatedly for beam segments with different expressions for M(x). 
3. Method of analysis of deflections:  starting form the moment curvature equation, several methods of analysis are developed to compute the linear displacements and angular displacements. Method of integrations lead to expressions for v(x) and x), while other methods lead only to numerical values at particular points of the structure. 

4. Supports conditions: are restrictions that must be satisfied by the new position of the elastic line. These conditions (restrictions) are usually known to be of zero values, or must assume some non-zero value. 

5. Continuity conditi0ons: are similar to support conditions but they are enforce between the segments to ensure the continuity of the structure. A typical example is that at point p the rotations and displacements "just" to left of p and "just" to right of p must be equal (for continuity). The requirements are written as

 p]L =  [p]R , and p]L =  p]R  

The support and continuity conditions are necessary to solve for all integration constants that arise from using the methods of integrations.
The Methods: 

Deflections v(x) and (x) of beams may be computed with one of the following classical procedures:

1. Methods of integrations.

2. Moment area-theorems.

3. Conjugate beam methods.

4. Methods of work (real or virtual) and energy.

Each method has advantages and disadvantages as can be seen from the steps involved in each procedure and the physical meaning of the results obtained in each case.
[image: image5.bmp]
          Fig.1:
Note: 

In the Fig. 1 above, the reference tangent is at point A. The displacements and slopes are –ve if computed to be downwards and clockwise from the reference tangent.
The Method of Integrations

The method has been covered thoroughly in a previous course (i.e.: Structural Mechanics CE 203). The method is outlined here again through a short example. That shows the need to evaluate the integration constants C1 and C2 for one beam segment. Obviously, the procedure will, in general, require the evaluation of 2*number of beam segments.
The Moment Area-Method
The basis of the method starts from the moment curvature equation where the change  in slope value (x) between two point A and B is termed and is equal to the integral ∫(1/EI) M(x) dx.
Also the change in displacement value (x) between two point A and B is termed and is equal to theintegral ∫(1/EI) M(x)  x dx.  
The values of  and   are measure between the tangents at the two points. And it is noted that while the integral ∫(1/EI) M(x) dx gives the area under M/EI diagram between A and B, the other integral ∫(1/EI) M(x)  x dx gives the moment of the area under M/EI diagram between A and B and the values of  and  will be numerically the same (with one positive if counter-clockwise and the other is negative if clockwise). However, the values of  and will not be the same as the moment in the first case will be taken about point B and in the second case the moment is about point A. This is a very important consideration when using the moment area method. The use of the first integral to compute is called the first moment area theorem, while the use of the second integral to compute  is called the second moment area theorem.

The following Example for a cantilever beam is used to illustrate the uses of the method of integrations and the moment area theorems. The same example will be also later solved by the conjugate beam method for illustrations and comparison of the methods.
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Note: 

1. The above examples illustrate the basics of the three classical procedures to determine the deflections of beams. More general examples have been provided to you in class.
2. The sign conventions for +ve displacement v(x) = p is +ve upwards and slope xp is +ve when it is counter-clockwise from initial tangent to final tangent, and vice versa.
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(x) = x/A





v (x) = tangential deviation x/A
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