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Lectures 14 & 15 

CE 305 :  Conjugate Beam Method
Introduction:  we have seen upto now two methods to determine the slope y((x) and the deflection y(x).  These two methods are:


(a)
Analytical equations:  needs the expression for M(x).  And the singularity function <x-a> may be used if one single expression M(x) is to be used.  This method is, however, time consuming.


(b)
Moment area Theorems:  Theorem (1) and Theorem (2).
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But these two theorems do not give the slopes and deflections directly.  Instead they give the change in slopes and deflections between tangents at two points.

Now a new method is developed to determine y((x) and y(x).  This method is based on the concept of shear and moment diagrams and is called the Conjugate Beam Method.

Basis of Development:


Shear and Moment Expressions


from equilibrium
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Summary:




[image: image7.wmf]òò

×

×

-

=

dx

dx

w

M








… (2)

But
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and
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Comparing Equations (1) & (2) and Equations (3) & (4), it can be concluded that if the load “w” is replaced by “M/EI” then:


(1)
Equation (3) gives the slope which is equivalent to the shear produced by load M/EI on a beam of the same dimensions.


(2)
Equation (4) gives the deflection y(x) which is equivalent to the moment produced by load M/EI on a beam of the same dimensions.

Note (1):

This method is basically useful for Simply Supported Beams.

Boundary Conditions of the Conjugate Beam:

The conjugate beam is a beam having the same dimensions as the real beam but its boundary conditions have to be modified so that the comparisons made between eqns. (1) to (4) are meaningful.

Modifications of Boundary Conditions:


For this we have to study the physics of deformation of the real beam and then adjust the support conditions of the conjugate beam.

Examples:


(1)
External hinge (pin) remains the same, it has only v and no M.


(2)
Fixed End:  becomes free because it has both shear and moment.


(3)
Free end becomes fixed.


(4)
Internal support becomes a hinge.


(5)
Internal hinge becomes a pin and so on.

Lecture 16 :   Conservation of Energy (Real Work)       CE 305

Introduction:  in Chapter (6) we learned how to compute the deflections and slopes using basically the differential equations
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Based on the interpretations of these equations we developed equations for y(x) at point say  x = xa.  The methods were:


(a)
Analytical method;


(b)
Moment-Area theorem;


(c)
Conjugate Beam method.

Now in this chapter we will present another way or method to determine deflections (and slopes).  The method is based on the principle of conservation of energy.

We will proceed as follows:


(a)
Concept of work (internal & external).


(b)
Method of real work (shortcomings).


(c)
Method of virtual work (advantages).

___________________________________________________________________________

Principle of Conservation of Energy:

Work: 
is defined as the product of a force and the distance along its line of action.
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For a deformable body the external forces induce internal forces (M; v; N) and both external and internal forces perform work.  The internal work however is called Strain Energy because it is due to internal deformations.  For deformable bodies which are loaded gradually the principle of conservation of energy states that:

	         External Work = Internal Work

or    

         External Work = Strain Energy


But this is valid only when:


(1)
Body is in equilibrium


(2)
Stress is within elastic limit


(3)
No support movements

Work of Axial Force:
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if
P = constant

But if P increases linearly, then
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        For loads that are applied gradually from  0 ( Pf .

Something applies for Moment M and Torque (
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___________________________________________________________________________

Method of Real Work:

Find
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External Real Work:
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Internal Real Work (strain energy)


(generally there are N; v; M).  But the work of M is dominant for bending problems     ( >> 3d.  And work by shear forces is negligible.

    (
For Bending problems
:
internal work  =  work done by M only

and for Truss problems
:
internal work  =  work done by Axial forces

For the problem above:   It has been shown that
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Shortcomings of the Real work method:


(1)
It can be used only to determine ( directly under the loads (concentrated loads only).


(2)
It can be used only for beams with single concentrated loads.

So these major limitations render this method as a method with limited applicability.  But it serves the purposes of providing a good introduction to the Virtual Work Method.

___________________________________________________________________________

Virtual Work Method:

This is an energy method used to determine deflections and slopes of beams and trusses.  This method is the most general and effective when compared with the methods learned upto now.

Other names for the method: (1) method of work; (2) method of dummy unit load.

Derivation:     Find  
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(1)
Remove external loads.

(2)
Place unit load at point


where ( is desired.

(3)
Calculate virtual moment


due to unit load (m).

(4)
Replace the external


loads.
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· Internal virtual work  =  
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External virtual work  =  1 ( (A
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Note:
here there is no ½ factor because virtual forces (1) and (m) act through displacement caused by real force.

Method of Real Work & Method of Virtual Work
CE 305

Generally:
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But  if  F = f(x)  like a linear spring force


Then
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Real Work:
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Note:  There is (½) factor in the Work term because F = F(x).  However,

if
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 is different from WF in the sense that it is the work done by the Force F when ( is not caused by F but by other effects.  This concept is useful in the method of virtual work (method of unit load) in which the external virtual work is equated to the internal virtual work to get slopes and deflections at any point in the structure (beam; frame; truss).

           Real Beam




          Virtual Beam
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loads  (  M/EI expressions  
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External Virtual Work                                   Internal Virtual Work


[image: image36.wmf]1

W

p

E

×

d

=



                     
[image: image37.wmf]dx

EI

M

m

d

m

dW

I

×

=

q

×

=







or




                                                
[image: image38.wmf]ò

×

=

dx

EI

M

m

W

L


Lecture 20 :   Virtual Work Method: Trusses’ Deflection       CE 305

Introduction:  As was mentioned earlier the method of virtual work uses the principle of conservation of energy.  In this principle
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that is the external work done by unit load is equal to the strain energy (internal) caused by the unit load.

Assumptions:


(1)
Equilibrium conditions are satisfied.


(2)
Elastic limit is not exceeded.


(3)
No support movement.

Deformations:


Truss members are all axially loaded 


(tension or compression).
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where P is designated S and it is the force caused by the real loads.

Virtual Strain Energy stored in each member “i” is
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where si is the internal force caused by unit load placed at the point (joint) where deflection is desired.

External Virtual Work:
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And from (1):  Total Strain Energy 
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…  (3)

where N = number of members in the truss.
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