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A meshless method for Kirchho- plate bending problems
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SUMMARY
In this work a meshless method for the analysis of bending of thin homogeneous plates is presented.
This meshless method is based on the use of radial basis functions to build an approximation of the
general solution of the partial di-erential equations governing the Kirchho- plate bending problem. In
order to obtain a symmetric and non-singular linear equation system the Hermite collocation method
is used. To assess the formulation a series of plates with di-erent boundary conditions are analysed.
Comparisons are made with other results available in the literature. Copyright ? 2001 John Wiley &
Sons, Ltd.
KEY WORDS:

plate bending; meshless method; hermite collocation

1. INTRODUCTION
The use of a mesh (be it domain or boundary one) is a basic characteristic of the traditional
approaches for the solution of partial di-erential equations (PDEs). This is the case for
the domain methods (such as the Anite di-erence methods, the Anite element methods and
the Anite volume methods) and also for boundary methods such as the boundary element
method. In the Arst type of methods (the domain ones) assumptions are made for the local
approximation which require a mesh to support them. In the case of boundary methods,
whereby an integral equation is obtained, a boundary mesh (and, in some cases such as
the case of physical nonlinearity, also a domain mesh) is required to obtain a numerical
approximation to the boundary integrals involved.
Referring to the dominant approach, the Anite element methods, the use of a mesh implies
that speciAc procedures have to be devised just to deAne the mesh. Also, and to keep the
order of the local approximation within reasonable (low) limits, the element size has to be
reduced whenever better approximations are pursued.
The extraordinary amount of work which has been put into FEM research since its early
days, has, one way or another, circumvented these and other problems associated to the
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existence of a mesh and made FEM the dominant approach for most problems in computational
mechanics.
Nevertheless, the possibility of obtaining numerical solutions for PDEs without resorting to
an element frame, that is a meshless technique, has been the goal of many throughout the
computational mechanics community for the past two decades or so.
During this period several procedures have been proposed. It seems that the Arst work on
a meshless method was that of Lucy [1] on smoothed particle hydrodynamics (SPH) which
may be considered a precursor to a class of meshless methods of which other representative
examples are the works of Nayroles et al. [2] on the di-use element method, the work of
Belytschko and co-workers on the element-free Galerkin method [3], the work of Duarte and
Oden [4] on the h–p clouds, that of Babuska and Melenk [5] on the partition of unity method,
and the work of Liu and co-workers on the reproducing kernel method [6]. A good review
for this class of meshless methods, which is the one that has produced more results so far,
is given in Reference [7].
There are other classes of meshless methods, namely the meshless local boundary equation
method and the meshless local Petrov–Galerkin approach of Atluri and Zhu [8], methods based
on the use of wavelets (see Reference [9], for example) and methods based on generalized
Anite di-erences [10].
Other methods exist for the solution of PDEs which are, inherently, meshless. These are the
methods based on the use, as approximating functions, of actual solutions of the governing
PDEs by boundary collocation. Reviews on some of these methods, including the Tre-tz
method [11], the fundamental solutions method, the boundary point collocation method, etc.,
may be found in References [12; 13]. The work of the author and co-workers on potential
problems, plane elasticity and plate bending, see References [14–17], emphasizes the meshless
characteristic of the indirect Tre-tz collocation approach. The disadvantage of this family of
meshless methods is that solutions (trial functions which are solutions of the Aeld equations
and, also, particular solutions) must exist so that an approximate solution may be obtained.
The requirements on the approximating functions are quite strong and these may be very
diOcult to devise for a general PDE problem.
It was, basically, the goal of reducing those strong requirements on the approximating
functions that lead the author to investigate other meshless techniques that could be more
eOciently applied for the solution of general PDEs.
The meshless method being proposed in this work for the analysis of Kirchho- plate bending
relies on the use of radial basis functions (RBFs) and will be described in the following
sections.
2. INTERPOLATION USING RBFs
Radial basis functions have initially (early 1970s) been devised by mathematicians, see
Hardy [18], working on scattered data Atting and general multi-dimensional data interpolation
problems.
The basic idea of scattered data interpolation is described in detail in the works of Kansa
[19] and Fasshauer [20], for example.
Assume a set of N points xi (or nodes) on which interpolation data f(xi ) is known. Assume
a set of RBF basis functions (centred at a given number of points which are usually made to
Copyright ? 2001 John Wiley & Sons, Ltd.
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coincide with the xi points), such as multiquadrics (MQ)

(x − xj ) =



(x − xj ) 2 + cj2 where

x ∈ Rd , and cj = 0 is an adjustable parameter that may be seen as a local shape parameter.
An RBF interpolant is assumed in the form of
s(x) =

N

j=1

j (x − xj )

(1)

which is then solved for the j unknowns from the system of N linear equations of the type
N


s(xi ) = f(xi ) =

j=1

j (xi − xj )

(2)

In order to ensure the uniqueness of the interpolation a constant, 
N +1 , is added to the
expansion and a constraint on the coeOcients is imposed in the form Nj=1 j = 0.
Multiquadrics (and other members of the inAnite class of RBFs such as Gaussians
exp (−x − xj =cj2 ) or thin plate splines x − xj  ln x − xj  to name just the most popular
ones) are globally supported RBFs in the sense that they are deAned over all the domain.
There exist also compactly supported RBFs (deAned only on parts of the domain) introduced
by Wendland [21] and Kansa and Hon [19] which are now receiving increased attention and
that may be applied to larger problems than the globally supported RBFs.
3. PDEs SOLUTION USING RBFs
The application of the interpolation technique described above to the analysis of PDEs arising
in computational mechanics was Arst presented by Kansa [22]. In that work an approximate
solution is obtained in a form which is very similar to that of expansion (2).
Consider an elliptic PDE (hyperbolic and parabolic PDEs are formulated similarly, see
Kansa [19]) with interior LI and boundary LB operators domain:
Lu = F

(3)

where LT = [LI LB] and FT = [FI FB] is the right-hand side vector.
Assume an approximation uh (X ) to the PDE in the form, that is, by using radial basis
functions:
uh (x) =

N

j=1

j (x − xj )

(4)

where xj ; fj ; j = 1; : : : ; N , deAne a data set.
The unknown coeOcients j are determined by solving the system of N linear equations
formed by applying (that is, by collocating) the operators LI and LB to approximation (4) at
N selected points or, better, LI is applied to N − M points and LB is applied to the remaining
M points.
LI uh (xi ) =
Copyright ? 2001 John Wiley & Sons, Ltd.

N
−M
j=1

j LI (xi − xj )

(5)
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LB uh (xi ) =

N


j LB (xi − xj )

j=N −M +1

(6)

where LI is applied to N − M points and LB is applied to the remaining points. Again, and
in order to ensure the uniqueness of the interpolation a polynomial basis should be added
and constraints imposed in a suitable manner which is not considered here for the sake of
simplicity.
This form of collocation gives rise to an asymmetric system of equations and is therefore
known as the asymmetric collocation method or Kansa’s approach.
Fasshauer [23], motivated by previous works on scattered Hermite interpolation, presented
a method to obtain an approximate PDE solution which leads to inherently symmetric and
non-singular systems of linear equations. This method was also addressed by Wu [24], Franke
and Schaback [25] and Jumarhon et al. [26].
The basic characteristic of this method is that the operators are applied twice for each pair
of collocation point-RBF centre that is being evaluated.
A brief review of the Hermite interpolation, as it appears in Fasshauer [23], is now given.
Assume a set of points xj ; j = 1; : : : ; N , a linearly independent set of continuous linear functionals, LT = [L1 ; : : : ; LN ] and a set of values Lj f constituting the right-hand side vector
FT = [F1 ; : : : ; FN ]. The goal is to And an interpolant of the form
s(x) =

N

k=1

k Lk (x − )

(7)

where x is a generic point and  represents a set of centres for the radial basis functions
(which will be from now on considered to coincide with the x points) by satisfying
Lj s = Lj f;

j = 1; : : : ; N

(8)

at all points xj ; j = 1; : : : ; N .
Here the following deAnitions are used:
• Lk g(x) := (Lg(x))|x=xk ,
• Lk g(x − ) is the function of x, obtained when L acts on g(x − ) as a function of 

and then evaluated at  = k .

The unknowns k in expansion (7) are obtained by satisfying (8) and this leads to the
system of equations
(9)

A = F
where the elements of matrix A are of the type
Ajk = Lxj Lk g(x − );

j; k = 1; : : : ; N

(10)

and Lxj g(x − ) is the function of , obtained when L acts on g(x − ) as a function of x
and then evaluated at x = xj .
Copyright ? 2001 John Wiley & Sons, Ltd.
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The transposition of the above expressions to the analysis of PDEs is immediate. The
following approximation may be considered:
uh (x) =

N
−M
k=1

k LIk (x − k ) +

N


k LBk (x − k )

k=N −M +1

(11)

where N is the total number of collocation points, M is the number of boundary collocation
points, LI and LB are, respectively, the interior and boundary di-erential operators (which
may vary from point to point).
The unknown coeOcients j are determined by solving the system of N linear equations
formed by applying the operators L to approximation (7) at N selected points:
LIjx uh (xj ) =

N
−M
k=1

k LIjx LIk (xj − k ) +

N


k LIjx LBk (xj − k )

(12)

k LBxj LBk (xj − k )

(13)

k=N −M +1

for the interior collocation points and
LBxj uh (xj ) =

N
−M
k=1

k LBxj LIk (xj − k ) +

N


k=N −M +1

for the boundary collocation points.
This form of collocation gives rise to a symmetric system of equations and is therefore
known as the symmetric or Hermite collocation method. The main advantage of this form
of collocation when compared to the asymmetric one is that the symmetric system matrix is
guaranteed to be invertible, see Fasshauer [23], and that is not the case, at least for some
conAgurations of centres, for the asymmetric one as was proved by Hon and Schabak [27].
As for any numerical technique, the issues of existence and convergence of the solution are
of utmost importance. It is, therefore, important to point out that Franke and Schaback [25]
have proved that the symmetric collocation method converges with a rate of at least the order
of the RBF interpolation minus the order of the di-erential operator in the PDE.
There are several other issues concerning the use of RBFs for the solution of PDEs that are
now being investigated such as compactly supported RBFs, variational approaches (Galerkin)
using RBFs, multilevel methods and smoothing, collocation-free global optimization, solvers,
preconditioners, domain decomposition, etc.
The work presented herein focus on the application of the symmetric collocation using
RBFs for the analysis of Kirchho- plate bending problems.
4. KIRCHHOFF PLATE BENDING THEORY
Consider the general thin plate represented in Figure 1 where n and t are the unit normal and
tangential vectors, respectively, to the middle plane of the plate.
The di-erential equation of the deTection surface of an homogeneous, isotropic, arbitrary
thin plate under bending is the well-known Lagrange equation:
p
(14)
∇4 w =
D
where w is the deTection of the middle surface of the plate, ∇4 is the biharmonic operator
and D =Et 3 =12(1 − 2 ) is the Texural rigidity of the plate.
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 1. Thin plate and notation.

By neglecting the e-ect of deformation due to the shear stresses it is possible to identify the
dependency between an additional shear force, Qn and @Mnt =@s (the derivative of the twisting
moment per unit length of a section of a plate normal to direction n).
Thus, for each point on the boundary, two, of the following four, boundary conditions have
to be satisAed:

Qn +

w = wU

(15)

@w @wU
=
@n
@n

(16)

Mn = MU n

(17)

@Mnt
= VUn
@s

(18)

where Mn is the bending moment per unit length of a section of a plate perpendicular to
n direction, Qn is the shearing force parallel to z-axis per unit length of section of a plate
perpendicular to n direction and Vn = Qn + @Mnt =@s is the e-ective shear force parallel to the
z-axis of a section of a plate perpendicular to n direction.
It should be noted that at each point on the boundary only the displacement (rotation) or
the e-ective shear force (bending moment) may be imposed but not both simultaneously.
The boundary conditions (16)–(18) may also be expressed in terms of the deTection w as
follows:
Normal slope:
@w
@w @w dx @w dy @w
=
+
=
cos  +
sin 
@n
@x dn @y dn @x
@y
Normal bending moment:



@2w
@2w
@2w
Mn = − D ∇2 w + (1 − ) cos2  2 + sin2  2 + sin 2
@x
@y
@x@y
Copyright ? 2001 John Wiley & Sons, Ltd.

(19)

(20)
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Normal e)ective shear:

@
@
Vn = −D cos  ∇2 w + sin  ∇2 w
@x
@y

 2

1
@
@2w
@ w @2w
+ sin 2
cos 2
−
+ (1 − )
@t
@x@y 2
@y2
@x 2

(21)

where @=@t = − sin @=@x + cos @=@y.
Once the displacement Aeld is known it is straightforward to evaluate the shear forces, the
bending and the twisting moments:



@2w
@2w
+ 2
Mx = −D
@2x
@ y
 2

@2w
@ w
+ 2
My = −D
@2y
@ x
 2 
@ w
Mxy = Myx = − D(1 − )
@x@y

(22a)
(22b)
(22c)

and
Qx = −D

@ 2
∇ w
@x

(23a)

Qy = −D

@ 2
∇ w
@y

(23b)

5. THE RBF SYMMETRIC COLLOCATION FOR KIRCHHOFF PLATES
As described in the previous section the problem to be solved is that of a PDE of the type
p
(24)
∇4w =
D
subjected to the boundary conditions:
w = wU
@w
@wU
@w
sin  =
cos  +
@y
@n
@x



@2w
@2w
@2w
−D ∇2 w + (1 − ) cos2  2 + sin2  2 + sin 2
= MU n
@x
@y
@x@y
Copyright ? 2001 John Wiley & Sons, Ltd.
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@ 2
@
∇ w + sin  ∇2 w
@x
@y

 2

1
@
@2w
@ w @2w
+ sin 2
cos 2
−
= VUn
+ (1 − )
@t
@x@y 2
@y2
@x 2

− D cos 

It should be pointed out that at each boundary point only two of the above boundary
conditions may be applied.
These expressions may be rewritten as
Lw = F

where

(25)
∇4

L∇ 4
Lw
L = L$n
LMn
LVn

I
@
@
cos  +
sin 
@x
@y



@2
@2
@2
2
2
2
−
D

∇
+
(1
−
)
cos

+
sin

+
sin
2
=
@x 2
@y2
@x@y

@
@
−D cos  ∇2 + sin  ∇2
@x
@y

 2

1
@
@2
@
@2
+ sin 2
+(1 − )
cos 2
−
@t
@x@y 2
@y2 @x 2

and the right-hand side vector F is
F∇ 4
Fw
F= F
$n

FMn
FVn

p
D
wU
@wU
=
@n
MU n
VUn

(26)

(27)

By using RBFs an approximation to w, the deTection, may be obtained in the form
wh (x) =

N∇ 4



k=1

+

k L∇ 4 ; k (x − k ) +

N∇ 4 +Nw +N$n +NMn



k=N∇ 4 +Nw +N$n +1

N∇ 4 +Nw



k=N∇ 4 +1

k Lw; k (x − k ) +

k LMn ; k (x − k ) +

N∇ 4 +Nw +N$n



k=N∇ 4 +Nw +1

N∇ 4 +Nw +N$n +NMn +NVn



k=N∇ 4 +Nw +N$n +NMn +1

k L$n ; k (x − k )

k LVn ; k (x − k )
(28)

where x represents the generic position in the co-ordinate system, k represents a given collocation point, the total number of collocation points, distributed randomly or according to
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 2. Distribution of collocation points.

some rule on the domain and boundary, is N , N∇ 4 is the number of points where the Aeld
equation (14) is enforced and Nw , N$n , NMn and NVn are, respectively, the number of points
where boundary conditions (15)–(18) are imposed.

In this work the multiquadrics RBF are used, that is, (x − xj ) = (x − xj )2 + cj2 where
cj is constant for all points.
The deTection approximation is known as soon as all the j coeOcients are determined.
In order to achieve that, a system of linear equations Lw = F has to be deAned by collocating (that is, by applying the appropriate di-erential operator) at each interior or boundary
collocation point (CP).
To illustrate the application of the technique let us consider the rectangular plate represented
in Figure 2, loaded uniformly and subjected to di-erent types of boundary conditions, namely,
one side is clamped, two sides are simply supported and the remaining one is free.
Consider, for the sake of simplicity, that there is only one collocation point per side and
only one interior collocation point. The numbering is shown in Figure 2.
At each CP the appropriate condition(s) must be enforced:
• CP1, is an interior point and therefore only operator L∇ 4 must be applied. Notice that the
•

•
•
•

operator is applied as a function of the Arst variable, the collocation point, and not that of
the second variable, the RBF centre.
CP2, is a boundary point. The boundary conditions on this edge of the plate are w|0; y = 0
and @w=@n|0; y = 0, that is, the edge is clamped. Both conditions (besides the governing
di-erential operator L∇ 4 ) must be imposed at the same geometric position, CP2. In fact,
each boundary collocation point is a triple point in the sense that three di-erent operators
have to be applied at that single geometric point. Therefore, L∇ 4 , Lw and L$n must be
applied at CP.
CP3, is a boundary point. The boundary conditions on this edge of the plate are w|x; 0 = 0
and Mn |x; 0 = 0, that is, the edge is simply supported. Therefore, L∇ 4 , Lw and LMn must be
applied at CP3.
CP4, is a boundary point. The boundary conditions on this edge of the plate are w|x; a = 0
and Mn |x; a = 0, that is, the edge is simply supported. Therefore, L∇ 4 , Lw and LMn must be
applied at CP4.
CP5, is a boundary point. The boundary conditions on this edge of the plate are Mn |b; y = 0
and Vn |b; y = 0, that is, a free edge. Therefore, L∇ 4 , LMn and LVn must be applied at CP5.

Copyright ? 2001 John Wiley & Sons, Ltd.
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The Arst row of the coeOcient matrix (representing the system of linear equations) is
nothing else than the application of operator L∇ 4 on CP1 as a function of the Arst argument
x of the RBF to approximation (28):
L∇ 4 wh (x1 ) =

N∇ 4



k Lx∇ 4 L∇ 4 ; k (x1 − k ) +

k=1

+
+
+

N∇ 4 +Nw +N$n



k=N∇ 4 +Nw +1

N∇ 4 +Nw



k=N∇ 4 +1

k Lx∇ 4 Lw; k (x1 − k )

k Lx∇ 4 L$n ; k (x1 − k )

N∇ 4 +Nw +N$n +NMn



k=N∇ 4 +Nw +N$n +1

k Lx∇ 4 LMn ; k (x1 − k )

N∇ 4 +Nw +N$n +NMn +NVn



k=N∇ 4 +Nw +N$n +NMn +1

k Lx∇ 4 LVn ; k (x1 − k )

(29)

The second row of the coeOcient matrix is the application of operator Lw on CP2 as a
function of the Arst argument x of the RBF:
Lw wh (x2 ) =

N∇4



k=1

+
+
+

k Lxw L∇4 ; k (x2 − k ) +

N∇4 +Nw +N$n



k=N∇4 +Nw +1

N∇4 +Nw



k=N∇4 +1

k Lxw Lw; k (x2 − k )

k Lxw L$n ; k (x2 − k )

N∇4 +Nw +N$n +NMn



k=N∇4 +Nw +N$n +1

k Lxw LMn ; k (x2 − k )

N∇4 +Nw +N$n +NMn +NVn



k=N∇4 +Nw +N$n +NMn +1

k Lxw LVn ; k (x2 − k )

(30)

The third row of the coeOcient matrix is the application of operator L$n on CP2 as a
function of the Arst argument x of the RBF:
L$n wh (x2 ) =

N∇4



k=1

+
+
+

k Lx$n L∇4 ; k (x2 − k ) +

N∇4 +Nw +N$n



k=N∇4 +Nw +1



k=N∇4 +1

k Lx$n Lw; k (x2 − k )

k Lx$n L$n ; k (x2 − k )

N∇4 +Nw +N$n +NMn



k=N∇4 +Nw +N$n +1

k Lx$n LMn ; k (x2 − k )

N∇4 +Nw +N$n +NMn +NVn



k=N∇4 +Nw +N$n +NMn +1

Copyright ? 2001 John Wiley & Sons, Ltd.
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The other rows of the system matrix are obtained in the same way which leads to a total
of 13 equations to be solved for the 13 unknown  coeOcients.
5.1. Particular solutions
In order to analyse other types of loading than simply the case of uniform load it is necessary
to consider the use of particular solutions.
U acting on (xP ; yP ), is given by
The particular solution for a concentrated load, P,
◦

w=

PU 2
r ln rP
8)D P

(32)

where rP2 = (x − xP ) 2 + (y − yP ) 2 and
◦

lim w = 0

rP →0

For general types of loading it is possible to use the solution for a concentrated load
and integrate it over a given region to obtain its e-ect in terms of transversal displacements
(deTections) after which all other Aelds may be derived.
6. IMPLEMENTATION ASPECTS
Collocation techniques are always less demanding in terms of computational e-ort than techniques based on integrations of residues along the boundary and=or in the domain such as
with Anite element, boundary element methods or other Galerkin-type regular boundary formulations (non collocation Tre-tz techniques or similar), see Reference [28].
The formulation here described has the added advantage that it leads to a symmetric system
of linear equations. As can be seen in a previous work by the author [29] most of the CPU time
required for the analysis of a given PDE by using collocation (an indirect Tre-tz formulation
leading to a non-symmetric matrix) is, in fact, at the solution stage whereas for Galerkin-type
Tre-tz techniques (leading to symmetric matrices) the assembling or the matrix creation is
what takes longer.
The technique here presented for plate bending is, therefore, very eOcient in what concerns
CPU usage for creating and solving the system of linear equations.
The drawback is the need to actually code all the combined operators required to create
each entry Ajk = Lx$n LVn (xj − k ) in the system matrix A.
By using a symbolic mathematics software, Mathematica [30], this task is made quite
simple.
The deAnition of the number and the distribution of the collocation points (which are made
to coincide with the RBF centres) is, of course, an important issue since it a-ects the quality
of the approximation.
A suOcient number of points must exist along the boundary as it is on the boundary that
stronger variations of the static variables occur. As a rule of thumb at least four points should
be used at each edge. As to what concerns the position of such points, a regular distribution
of points along the boundary, does not necessarily gives the best answers. In the Aeld of
discontinuous boundary elements, it is well known that the optimal position for collocation
Copyright ? 2001 John Wiley & Sons, Ltd.
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corresponds to that of the Gauss points, Parreira [31]. The same conclusions were observed
by Zielinski and Herrera [32] in the Aeld of Tre-tz techniques.
This form of distribution pushes the points further to the ends of the edges and these locations correspond to areas of the highest variations of the static variables. In some cases, for
some geometry and boundary conditions conAgurations, these may even be areas of singularities which are a problem in itself [17].
Also, a suOcient number of points must be deAned in the domain. As for its distribution,
there are much more options than for the boundary collocation. Any appropriate number of
randomly distributed points should be able to model the problem reasonably well. It should
be pointed out that the type of load (especially if it is localized) could determine the number
and the position of some of the internal collocation points which should be added just to
bring to the system enough information about the load.
In this work only regular distribution of collocation points will be considered. Di-erent
strategies for the distribution of collocation points are currently being investigated.

7. NUMERICAL TESTS
The numerical tests here reported concern the cases of circular and square plates subjected
to uniformly distributed loads and to concentrated loads. These cases illustrate the use of the
proposed technique and the accuracy of the numerical results obtained. Results for rectangular
plates are not presented here as many rectangular plates can be analysed as square ones with
the proper boundary conditions (namely, for symmetrical loading by imposing the normal
slope and the normal e-ective shear to be zero at the edge on the symmetry axis, and for
anti-symmetrical loading by imposing the deTection and the normal bending moment to be
zero at the edge on the symmetry axis).
Although these are simple plates (at least in terms of geometry) the formulation is not
limited to rectangular or circular shapes. For more general shapes the strategy will be to
consider multiple regions and to appropriately match the interface conditions from one region
to another. This is what, basically, was done by the author (and co-worker) in a previous
work using a Tre-tz collocation technique [16; 17] and will be addressed in the near future
with the present RBF technique.
The methodology chosen for presenting the results and also the tests conducted follow
closely that of Jin et al. [33], a reference work for Tre-tz formulation (which may also
be considered, up to a certain point, meshless). Given the fact that RBF and Tre-tz share
some features the reproduction of the results obtained by Jin et al. [33] was deemed relevant. Amongst those common features are, for example, that both techniques lead to global
approximations of the relevant variables in a way which is more closely related than with,
generally speaking, Anite element methods and that the number of unknowns=equations is
usually much lower than that of standard Anite element techniques for obtaining similar
accuracy.
In order to assess the present formulation the following numerical tests were considered:
1. clamped square plate uniformly loaded;
2. simply supported square plate uniformly loaded;
3. clamped square plate subjected to a concentrated central load;
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Figure 3. Distribution of collocation points used
in the tests on square plates.
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Figure 4. Distribution of collocation points used
in the tests on circular plates.

4. uniformly loaded square plate supported only at the corners;
5. clamped circular plate uniformly loaded;
6. simply supported circular plate uniformly loaded;
In all tests the following values were considered: E = 10920:0,  = 0:3, a = 1:0 (characteristic
length), t = a=10, pU = 1:0 and PU = 1:0.
In all tests on square plates the distribution of collocation points was chosen to be regularly
spaced (at distances a=n where n is the number of divisions) both in the domain and along the
boundary as represented in Figure 3. Other types of distributions will be addressed in future
works. To avoid singularities that may occur at the corners, only the equilibrium condition
is enforced there (the corner) for plates where the edges converging to a given corner have
di-erent types of boundary conditions. Another alternative would have been to remove the
corner points and introduce an extra pair of collocation points at each side of the corner
at a small distance from the corner. As will be seen from the results obtained, the chosen
approach (removal of the corners without adding extra points) does not oversimplify the
model.
The number of positions deAned is then (n + 1) 2 . The total number of collocation points
may vary depending on whether the corner points are considered or not. The total number of
equations also varies but is, in general, 3 × number of boundary collocation points plus the
number of internal collocation points.
For the circular plates, of which only a quarter was considered due to symmetry, the
distribution of collocation points was chosen to be regularly spaced (at distances a=n where
n is the number of divisions) both in the domain and along the boundary as represented in
Figure 4.
All the results presented in a tabular form are normalized as deAned next:
•
•
•
•

w adim = w D= pU a 4 or w adim = w D= PU a 2 ;
$iadim = $i D= pU a3 or $iadim = $i D= PU a;
U
Mijadim = Mij = pU a 2 or Mijadim = Mij = P;
adim
adim
U
Qi = Qi = pU a or Qi = Qi a= P.

The contour plots or three-dimensional graphs were not normalized as they are shown only
to illustrate the way in which the Aelds vary along the domain.
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Figure 5. Clamped square plate.

Figure 6. Convergence of the results for the uniformly
loaded clamped square plate shown as the absolute
di-erences to those of Reference [33].

Table I. Clamped square plate with uniform load distribution.
Point A
adim

Method

100 w

HT
TC
TDM
Compat.
RBF

0.12653
0.12653
0.12653
0.126
0.1265

Point B
adim
10 Mxx

adim

Vn

0.22906
0.22909
0.22905
0.231
0.2291

−0.441
−0.441024
−0.4412

10 Mnadim

Reference

−0.513
−0.51323
−0.513370
−0.513
−0.5135

[35]
[15]
[33]
[34]

HT: One hybrid-Tre-tz element with 52 unknowns. TC: Tre-tz collocation with 52 unknowns. TDM:
7 quadratic boundary elements per side. RBF: n = 9.

7.1. Clamped square plate under uniform load
Consider a uniformly loaded square plate as represented in Figure 5. Timoshenko [34] presents
a solution for this case based on the use of the solution for the uniformly loaded simply
supported square plate and that of the same plate subjected to moments along the edges so
that compatibility is enforced, thus being referred in the tables below as Compat. The results
he obtained and those of other references are shown in Table I together with the present
results. Normalized results are shown for two points (as seen in Figure 5), namely in the
middle of the plate-point A, and at the centre of the edge-point B. The representative values
at these points are, respectively, the displacement and the bending moment at point A, and
the normal shear and the normal moment at point B.
The results obtained with the present technique are all very similar to the results obtained
with other approaches. The approaches here chosen to for comparison are all, except the
already mentioned Timoshenko [34] solution, based on the Tre-tz method.
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The Tre-tz method consists essentially in using an approximation basis (the T-functions)
that solves locally the system of partial di-erential equations that governs the boundary value
modelled to establish an algebraic solving system that enforces consistently the boundary
conditions. The main aspects of each of these Tre-tz techniques are brieTy listed below:
• HT, the hybrid-Tre-tz formulation of Jirousek and Leon [35], where, by considering inde-

pendent boundary and domain approximations (for the relevant Aelds) a general purpose
plate bending element was developed in a way that allows for its integration within a FEM
code (that is, a nodal frame is considered).
• TDM, the Tre-tz direct method of Jin, Cheung and Zienkiewicz [33], whereby an integral
equation is derived in a similar way to that of the boundary element method (that is, by
using the Maxwell–Betti reciprocal theorem) but replacing the fundamental solutions by
the T-functions.
• TC, the Tre-tz collocation method, closely related to the original work of Tre-tz [11],
where the T-functions are used in the approximation of the variables involved in the boundary conditions (for a given problem) which are then approximately matched.
The approximations Tre-tz-type of techniques provide are, mainly due to the use of actual
solutions of the governing equations, quite accurate even for a low number of degrees of
freedom. The present technique, despite the use of very simple functions which are not, by
any means, solutions of the governing equation, does not require many unknowns (degrees
of freedom) to attain a relatively good accuracy. The convergence of the results to those of
Reference [33] with respect to the number of unknowns, m, is shown in Figure 6. In this test,
m takes the values 17, 49, 89, 137 and 193 corresponding to, respectively, 3, 5, 7, 9 and 11
grid divisions. The convergence pattern of the deTection and the bending moment at point
A (that is, at the centre of the plate) is more pronounced than that of the normal bending
moment and shear at point B which is located at the edge. This result was expected as it is
on the boundary that bigger errors occur and this is not a characteristic speciAc of the present
formulation.
A basic feature of the proposed technique, which is the ease to compute and plot any
required result, is illustrated by plotting, in Figures 7–9, the deformed shape and the shearing
force components for the plate.
Finally, and just to give an idea of how computation time varies with the number of
unknowns (that is, the size of the system matrix, m) the number of Toating point operations,
Tops or f, was computed (this is a system function within Matlab, the environment where
the formulation was implemented [36]) and plotted against m in Figure 10. The three graphs
show the variation of the total number of Tops, the number of Tops to assemble the system
matrix and the number of Tops to solve the system. By running a regression analysis it is
possible to say that the solving stage is of order m 2:81 , the assembling stage is of order m 2:02
and the total process is of order m 2:42 . As expected, and similarly to what happens with other
collocation techniques [29], as the dimension of the systems grow so grows the time spent
solving the system. An iterative solver would, probably, be beneAcial.
7.2. Clamped square plate under a central concentrated load
Consider the same clamped square plate as in the previous case now subjected to a concentrated load of magnitude P at point B, that is, the centre of the plate.
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Figure 7. Uniformly loaded clamped square plate: deformed shape.

Figure 8. Uniformly loaded clamped square plate: shearing force qx distribution.

Timoshenko [34] presents a solution for this case based also on the solution for the uniformly loaded simply supported plate and by superposing appropriate states. The results
he obtained and those of other references are shown in Table II together with the present
results.
As in the previous case the results are very similar to the other references. The convergence
pattern is of similar type as well. A contour plot of the twisting moment, mxy , is represented
in Figure 11 where is evident the e-ect of the concentrated load.
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 9. Uniformly loaded clamped square plate: shearing force qy distribution.

Figure 10. Floating point operations vs number of unknowns.

Table II. Clamped square plate under central concentrated load.
Point A
adim

Method

100 w

HT
TDM
Compat.
RBF

0.56120
0.56120
0.560
0.5612

Copyright ? 2001 John Wiley & Sons, Ltd.

Point B
adim
10 Mxx

Reference

−1.258
−1.25770
−1.257
−1.2580

[35]
[33]
[34]
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Figure 11. Concentrated load on a clamped square plate: twisting moment, mxy , distribution.
Table III. Simply supported square plate with uniform load distribution.
Point A
Method

100 wadim

10 Mxxadim

HT
TC
TDM
Navier
RBF

0.40624
0.40629
0.406234
0.4062
0.4066

0.478868
0.47893
0.478863
0.4789
0.4792

Point B
Vnadim

Point C
adim
10 (2Mxy
)
0.093

−0:420891
−0:420
−0:4218

0.651655
0.6496
0.6432

Reference
[35]
[15]
[33]
[34]

7.3. Simply supported square plate under uniform load
Consider a uniformly loaded simply supported square plate. This is a case for which there is
an exact solution [34] (the Navier series solution) in the form
w(x; y) =

∞ 
∞ sin(m)x=a) sin(n)y=a)
16pa 4 
6
) D m=1 n=1
mn(m 2 + n 2 ) 2

(33)

where m = 1; 3; 5; : : : and n = 1; 3; 5; : : : .
Results obtained by considering 100 terms of the series and those of other references are
shown in Table III together with the present results obtained for n = 11 in each direction.
In Figures 12 and 13 the shearing force components, qx and qy , are represented.
7.4. Uniformly loaded plate supported only at the corners
Consider a uniformly loaded square plate supported only at the corners.
Timoshenko [34] presents a solution (for  = 0:25 and 0.3) for this case based on the
solution for the uniformly loaded plate with four sides supported elastically and taking the limit
as the sti-ness of the elastic supports goes to zero. In Table IV those results are presented
together with the results obtained with the proposed technique for n = 7, corresponding to 93
equations.
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Figure 12. Uniformly loaded simply supported
square plate: shearing force qx distribution.

Figure 13. Uniformly loaded simply supported
square plate: shearing force qy distribution.

Table IV. Uniformly loaded plate supported only at the corners.
Point A
Method
Compat.  = 0:25
RBF  = 0:25
Compat.  = 0:3
RBF  = 0:3

100 w

adim

0.257
0.2603
0.249
0.2529

Point B

10 Mxxadim
0:1109
0.1096
0:1090
0.1111

100 w

adim

0.1766
0.1758

10 Mxxadim

Reference

0.1527
0.1503
0.1404
0.1498

[34]
[34]

In order to observe the e-ect of the Poisson’s ratio, which Timoshenko [34] says ‘has but
little in2uence on the de2ections and moments at the centre of the plate; its e)ect on the
edge moments is more considerable’, the plate was analysed, with the proposed technique,
for a series of values of  from 0 to 0.3. A Anite element model (with 1600 shell elements)
was also deAned and a commercial Anite element code (SAP2000 [37]) was used to carry
out the same tests on the e-ect of the Poisson’s ratio on the deTections and moments. These
results are represented in Figure 14. In this Agure the inTuence of  on the bending moments
at both points (in the centre of the plate and at the edge) is relatively small. As a matter of
fact the biggest inTuence is seen on the centre point deTection but not even there the results
vary signiAcantly. The edge bending moment, which for Timoshenko [34] increases a bit as
 decreases, is, here and also for the FEM, almost Tat although very close to Timoshenko’s
results. Both, the FEM and the proposed technique feature the same trend for all graphs and
the di-erences, which start at around 5 per cent for  = 0, decrease steadily to around 0.5
per cent for larger values of . It should be pointed out that the FEM mesh used here is
quite reAned (the total number of equations is 10073) and this was intended as to provide a
‘good’ approximate solution. A coarser mesh (a 10 × 10 with a total of 710 equations) was
also tested and the di-erences to the present results are, in general, cut by half becoming
virtually indistinguishable for larger values of .
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 14. Uniformly loaded square plate supported only at the corners: e-ect of .

Figure 15. Uniformly loaded square plate supported only at the corners: deformed shape.

Figure 16. Uniformly loaded square plate supported only at the corners: Mx distribution.

To further illustrate the results obtained a series of plots were made: the deformed shape
is represented in Figure 15; the bending moment (the x component only as the y component
is, due to symmetry, exactly the same along the y-axis) and the twisting moment are shown
in Figures 16 and 17.
7.5. Clamped circular plate under uniform load
Consider a uniformly loaded circular plate of which only a quarter is considered due to
symmetry as represented in Figure 18.
Circular plates are usually easier to analyse than rectangular ones. Polar co-ordinates are
normally used to obtain exact or approximate solutions for these plates. Timoshenko [34]
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 17. Uniformly loaded square plate supported only at the corners: Mxy distribution.

Figure 18. Quarter of a clamped circular plate.

Table V. Clamped circular plate under uniform load.
Exact
-=a
0.00
0.25
0.50
0.75
1.00

w

RBF

adim

Mxxadim

0.01563
0.01373
0.00879
0.00299
0.0

0.08125
0.06836
0.02969
−0:03477
−0:12500

adim

Mxxadim

0.01563
0.01373
0.00879
0.00299
0.0

0.08126
0.06836
0.02968
−0:03479
−0:12498

w

presented an exact solution in the form
pa4 2
(a − -2 )
64D
p
M-- = [a2 (1 + ) − -2 (3 + )]
16
p
M$$ = [a2 (1 + ) − -2 (1 + 3)]
16

w(-; $) =

(34)
(35)
(36)

In Table V the deTection and the bending moment at points at di-erent distances from the
centre are presented together with the exact results. Similar table is shown in Jin
et al. [33] with a very good agreement as well. The present results were obtained for N = 11
corresponding to 169 equations.
To further illustrate the results obtained the deformed shape is represented in Figure 19 and
the twisting moment is shown in Figure 20.
7.6. Simply supported circular plate under uniform load
Consider the same plate as before but assuming now that it is simply supported.
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 19. Clamped circular plate under uniform
load: deformed shape.

Figure 20. Clamped circular plate under uniform
load: twisting moment.

Table VI. Simply supported circular plate under uniform load.
Exact

RBF

-=a

wadim

Mxxadim

wadim

Mxxadim

0.00
0.25
0.50
0.75
1.00

0.06370
0.05881
0.04485
0.02402
0.0

0.20625
0.19336
0.15469
0.09023
0.0

0.06369
0.05880
0.04484
0.02402
0.0

0.20624
0.19335
0.15466
0.09020
0.0

The exact solution is now:
w(-; $) =

p(a2 − -2 )
64D



5+ 2
a − -2
1+



p
(3 + )(a2 − -2 )
16
p
M$$ = [a2 (3 + ) − -2 (1 + 3)]
16

M-- =

(37)
(38)
(39)

In Table VI the deTection and the bending moment at points at di-erent distances from
the centre are presented together with the exact results. The present results were obtained for
N = 11 corresponding to 169 equations.
8. CONCLUSIONS
In this work a meshless method for the analysis of bending of thin homogeneous plates
was presented. This meshless method is based on the use of radial basis functions to build
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an approximation of the general solution of the partial di-erential equations governing the
Kirchho- plate bending problem. The approximate solution to such problems is obtained by
using the Hermite collocation method, that is, by matching, in an appropriate manner, the
boundary conditions and the governing equations at selected points.
The formulation was assessed from the comparison of the results obtained with the present
technique on a series of Kirchho- plates and other results available in the literature. Those
results suggest that the proposed formulation is suOciently accurate even for plates supported
only at the corners where behaviour is somehow a bit more diOcult to appropriately model.
The main advantages of the proposed technique are its meshless character and the fact
that it is conceptually simple (despite the apparent diOculties in deAning the approximation,
collocation is still much less complicated than weighted residuals). These features turn the
formulation simple to implement and, consequently, computationally eOcient. In this work,
implementation was made in Matlab [36] and this has the added advantage that all the graphic
capabilities of the system could be exploited straightforwardly.
There are many aspects of the use of RBF and Hermite collocation for Kirchho- plates to
be addressed and further developed. In the near future, e-orts will be directed on the study
of criteria for the deAnition of the optimal number and position of RBF centres and collocation points so that numerical conditioning problems (that may occur when the degree of the
approximation increases unreasonably) are avoided in an optimal manner. Other alternatives
(such as the compactly supported RBFs as mentioned before) are being investigated by other
authors and many more developments are expected in the near future for the use of RBFs in
engineering problems.
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